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Abstract

In this dissertation we study Markov control processes on Borel spaces,
with possibly unbounded rewards, and a long-run pathwise (or sample-path)
average reward criterion. The first problem we are concerned with is to show
the existence, under suitable assumptions, of stationary policies that maxi-
mize the pathwise average reward. In a second problem we take the latter set
of average optimal policies and show that it contains policies that minimize
the asymptotic variance, and under which the pathwise rewards are asymp-
totically normal. In the remainder of our work we consider constrained prob-
lems. Firstly, we study the case with expected average constraints. We show
the existence of optimal policies, and also that the problem with expected
constraints can be solved by means of a parametric family of so-called opti-
mality equations. Finally, the latter results on expected constraints problems
are extended to the case with pathwise constraints. To conclude, we illus-
trate our results with a detailed analysis of a linear-quadratic problem, and
an inventory system.
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1.p.m.
ls.c.
u.s.c.
CP
EAR
LQ
MCM
MCPs
OE
PAR
P.E.

almost all

almost everywhere

almost surely

independent and identically distributed
invariant probability measure
lower semicontinuous

upper semicontinuous
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expected average reward
linear quadratic (problem)
Markov control model
Markov control processes
optimality equation
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Notation

[ end of a proof

= equality by definition

1p indicator function of a set B

N the set of positive integers {1,2,---}

Ny the set of nonnegative integers {0, 1,2,---}
R the set of real numbers

K set of feasible state-acttions pairs

© randomized stationary policy

P set of randomized stationary policies

F set of decision functions

X Borel (state) space

B(X) Borel o-algebra of subsets of X

Cp(X) Banach space of continuous bounded functions on X
By(X) Banach space of measurable bounded functions on X
Bw(X) Banach space of W-bounded measurable functions on X
M(X) Banach space of finite signed measures on B(X)

P(X) family of Borel probability measures on X



Chapter 1

Introduction

1.1 Introduction

This thesis deals with discrete-time Markov control processes in Borel spaces,
with unbounded rewards. The criterion to be optimized is a long-run path-
wise average reward subject to constraints on a finite numbers of long-run
pathwise average costs. These problems form an important class of stochas-
tic control problems with applications in many areas, including mathemat-
ical economics, queueing systems, epidemic processes, etc.; see, for instance
3, 7, 12, 13, 24] as well as the books [1] and [23].

However, most of the related literature is concentrated on expected av-
erage constraints. In contrast, for problems with pathwise constraints there
are a lot fewer works. For instance, for finite state MCPs, we should mention
the article by Haviv [12], and the works by Ross and Varadarajan [26, 27].
For MCPs on Borel spaces we only know the recent work by Vega-Amaya
[31]. The article by Haviv shows, by means of examples, that pathwise con-
straints are in general, more “natural” than expected constraints, because
MCPs with constraints on the expected state-action frequencies can lead to
optimal policies that do not satisfy certain principles of optimality (as Bell-
man’s principle). In contrast, the model with pathwise constraints leads to
feasible optimal policies which satisfy these principles of optimality.

As can be seen in the related literature, there are several standard tech-
niques to analyze the expected constraints problem. For example, the so-
called direct method, where the idea is to transform the problem into an
equivalent optimization problem in a suitable space of measures. Moreover,
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under appropiate hypotheses, the latter problem can be transformed into
either a convez-analytical problem or an infinite-dimensional linear program
depending on the underlying assumptions. In this work, to obtain our main
results, we use the direct metod in combination with other techniques such
as convex analysis, Lagrange multipliers and dynamic programming.

We extend our results on the expected case to the pathwise problem using
a strong law of large number for Markov chains and the so-called stability
theorem for martingales. In particular, we prove that optimal policies in the
former case are also optimal for the pathwise problem.

For the uncounstrained case, we prove the equivalence between pathwise
average reward optimal policies and expected average reward optimal poli-
cies. Moreover, we study the existence of canonical policies that minimizes
the limiting average variance. We also prove that under appropiate growth
conditions on the reward, this canonical policies have an asymptotic normal-
ity behavior.

1.2 Summary

The material in this thesis is organized as follows.

In the remainder of this chapter we introduce some background material
on Markov control models (MCM) (Section 1.3 and Section 1.4).

In Chapter 2 we give our preliminary results used throughout this work.
Under fixed point arguments, we consider the uncounstrained expected aver-
age reward MCPs. The motivation of this chapter is to give explicit expres-
sions for the invariant measures, also for the functions i, that solve the P.E.,
and the functions h* that solve an average reward optimality equation. This
fact will be particularly useful to prove boundedness conditions, necessary
for asymptotic behaviors (law of large numbers, asymptotic normality) and
to prove compactness conditions.

In Chapter 3 we establish the existence of unconstrained pathwise av-
erage optimal policies assuming additional assumptions that guarantee the
application of the martingale stability theorem to obtain certain pathwise
ergodic limits. Moreover, under our hypotheses, the equivalence between
sample-path average optimal policies and expected average optimal policies
is assured.

In Chapter 4 we study the existence of a stationary canonical policy that
minimizes the limiting average variance in the class [F,. As a consequence,
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we have that under certain growth condition, we prove that these canonical
policies have an asymptotic normality behavior.

In Chapter 5 we study constrained MCPs. Here, we use a conjunction
of techniques, including the direct method, convex analysis, Lagrange mul-
tipliers and dynamic programming, to establish the existence of solutions
of certain average reward optimality equation, which in particular provides
optimal policies to our problem with expected constraints. We also show
that the expected constrained problem (CP) can be solved by means of a
parametric family of AROESs, which do not depend on unknown parameters.
Furthermore, we extend these results to MCPs with pathwise constraints.

In Chapter 6 we illustrate with some examples the results obtained in the
previous chapters.

Finally, in Chapter 7 we state some general conclusions of our work, as
well as some open problems.

1.3 Preliminaries

The material in this section is quite standard and we refer the reader to the
books [14, 15] for a detailed description.
Consider a discrete-time Markov control model (MCM)

(X, A {A(x) -z € X},Q, 1),

with state space X and control (or action) set A, both assumed to be Borel
spaces with Borel c-algebras B(X) and B(A), respectively. The family
{A(x) : x € X} consists of nonempty sets A(z) € B(A), with A(z) being the
set of feasible controls (or actions) in the state x € X. The set

K:={(z,a) :x € X,a € A(x)} (1.3.1)

of feasible state-actions pairs is supposed to be a Borel subset of X x A.
Moreover, the transition law

Q ={Q(Blz,a) : B € B(X), (z,a) € K} (1.3.2)

is a stochastic kernel on X given K, whereas r : K — R is a measurable
function called the reward-per-stage. Throughout the remainder of this work,
a fixed MCM is assumed to be given.
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Definition 1.3.1 Let IF be the set of all decision functions or selectors, i.e.,
measurable functions f : X — A such that f(x) is in A(x) for all x € X,
and let ® be for the set of stochastic kernels p on A given X for which

P(A)lz) = 1.

Remark 1.3.2 A selector f € F may be identified with the stochastic kernel
© € O for which ¢(-|x) is the Dirac measure at f(x) for all v € X. Hence,
we have F C P.

We shall assume that F is nonempty, or equivalently, that the set K in
(1.3.1) contains the graph of a measurable function from X to A. This as-
sumptions ensures that the set of control policies, defined below, is nonempty
(see, for instance, [14, Chapter 2]).

Let No :={0,1,---} and N:={1,2,---}.

Definition 1.3.3 (Control Policies). For every n € N, let H, be the
family of admissible histories up to time n; that is, Hy := X, and H, =
Kx H,_1 ifn>1. A (randomized) control policy is a sequence m = {m,}
of stochastic kernels m, on A given H, such that

Tn(A(wn)|hn) = 1 (1.3.3)

for every n-history h, = (xo, ag, -+, Tn_1,an_1,T,) in H,. Let II denote the
set of all control policies. Moreover, a control policy m = {m,} is said to be a

(a) randomized Markov policy if there exists a sequence {p,} of stochastic
kernels ¢, € ® such that

Tn(:|hn) = @n(-lxn) Yh, € Hyyn € Ny; (1.3.4)

(b) (randomized) stationary policy if there exists a stochastic kernel ¢ € ®
such that
Tn(:|hn) = ¢(-|zn) VYh, € Hpyn € Ny; (1.3.5)

(c) deterministic stationary policy if there is a selector f € F such that
Tn(:|hn) is the Dirac measure at f(x,) € A(z,) for all h, € H, and
n e No.
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The set of all randomized Markov policies is denoted by IIzy;. As usual,
we identify @, the set of stochastic kernels on A given X, with the set of
all randomized stationary policies, and F with the set of all deterministic
stationary policies. Note that

FcCdCllgy CII

If 7 = {¢} is a stationary policy, abusing the notation we write 7 = .

1.4 The canonical construction

For future reference, in this section we present the canonical construction of
the underlying probability space.

Let (€2, F) be the (canonical) measurable space consisting of the sample
space  := (X x A)> and its product o-algebra F. The elements of ) are
sequences of the form w = (xg, ag, z1,aq,---) with z, in X and a, in A for
all n = 0,1,---; the projections x,, and a,, from 2 to the sets X and A are
called state and control (or action) variables, respectively. Observe that
contains the space H, := K* of admisible histories (xg, ag, 1, ay,--+) with
(@, an) € K for each n € Ny.

Let m = {m,} be an arbitrary control policy and v an arbitrary probability
measure on X, referred to as the “initial distribution”. Then, by a theorem
of C. Tonescu-Tulcea (see, for instance, [14, Proposition C.10 and Remark
C.11]) there exists a unique probability measure PT defined on the sample
space (€2, F), which by (1.3.3) is supported on H,,, namely, PT(H,) = 1,
and, moreover, for all B € B(X), C € B(A), and h,, € H,,n=0,1,-- -

Pl (xy € B) =v(B), (1.4.1)
Pl(an € Clhy) = m,(Clhy), (1.4.2)
PS(J/WH—I € B|hn7 an) = Q(B|xn7 an)' (143>

From the theorem of C. Ionescu-Tulcea mentioned above also ensures that
the measure P] can be written in the form

P;r(dl'o, d(lo, dl’l, dal, diCQ, o ) = V(d.%o)ﬂ'o(d(lokﬂo)@(dl’l’l’o, a0)~

'7T1(d(l1|5(]0,CL(),ZL‘l)Q(dJIQ|J]1,al)"'. (144)
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Definition 1.4.1 The stochastic process (0, F, PF,{x,}) is called a discrete-
time Markov control Process (MCP), which is also known as a Markov de-
cision process.

Remark 1.4.2 Notation

(a) The expectation operator with respect to PT is denoted by ET. If v is

concentrated at the “initial state” x € X, then we write P and E]

as PT and ET, respectively. Moreover, if m = ¢ is a stationary policy,
then we denote PT and E] as P? and EY, respectively.

(b) Let ¢ € ® be a stochastic kernel on A given X, ¢ a measurable function
on K, and Q the transition law in (1.3.2). Then we define, for every
r € X,

() ::/Ac(x,a)go(da|x) (1.4.5)

and

Qu() 1= [ QUlr.a)o(dalo) (1.46)
A
In particular, for a function f € F, (1.4.5)-(1.4.6) become

ci(x) = c(z, f(x)) and Qf(B|z) = Q(B|z, f(x)).

Proposition 1.4.3 Let v be an arbitrary initial distribution. If 7 = {¢,} is
a randomized Markov policy, then {x,} is a nonhomogeneus Markov process
with transition kernels {Q,,(-|-)}, that is, for every B € B(X) and n =
0,1,

Pl (xp41 € Blxg, -+, 2,) = Pl(xpe1 € Blzy) (1.4.7)
= Qp, (Blzn)

For a proof of Proposition 1.4.3 see [14, p. 19-20).
In Proposition 1.4.3, let m = ¢ be a stationary policy. The n-step transi-

tion probabilities are denoted by ()7, that is

Q,(B|z) == Pf(r, € B), n €Ny, BeBX),reX, (1.4.8)
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with QL(-[x) := Qu(-|x) and Q2 (-|x) = d,, the Dirac measure concentrated
at the initial state z. We can write @, recursively as

Q'(Blz) = /X Qu(Bly)Q (dy|x)
_ /Xle(B|y)Q@(dy|x), n>1 (1.4.9)

1.5 Weighted-norm spaces

Let X be a metric space, and let B,(X) be the Banach space of real-valued
measurable bounded functions v on X, with the supremum norm

[ul| := sup |u(z)|.
zeX

We denote by Cy(X) the closed subspace of B, (X) of all continuous bounded
functions on X.

We assume throughout the following that W : X — [0, 00) denotes a
given measurable function that will be referred to as a weight function, where
0 > 0. If u is a real-valued function on X, we define its W-norm as

[ullw := sup [u(z)|/W (z). (1.5.1)
zeX
Of course, if W is the constant function W(-) = 1, the W-norm and the
supremum norm coincide.

A real-valued function u on X is said to be bounded if ||u|| < co and W-
bounded if ||u|lw < oo. In general, the weight function W will be unbounded,
although it is obviously W-bounded since |[WW ||y = 1. On the other hand, if
u is a bounded function then it is W-bounded, since W > 6 yields

1
lullw < 5llull < o0 Vu e By(x). (1.5.2)

Let By (X) be the normed linear space of W-bounded real-valued mea-
surable functions u on X. This space is also a Banach space because if {u,}
is a Cauchy sequence in the W-norm, then {u,/W} is Cauchy in the supre-
mum norm; hence, as B,(X) is a Banach space, one can deduce the existence
of a function u in By (X) that is the W-limit of {w,}. Combining this fact
and (1.5.2) we obtain the following:
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Proposition 1.5.1 By (X) is a Banach space that contains By(X).

We denote by Cy (X)) the linear subspace of By (X) that consists of the
continuous function on X.



Chapter 2
The optimality equation

For every policy 7 € II and initial state z € X, let

n—1
1
J(m, x) = ligg)lf EE;F [Z (g, ak)]
k=0

be the corresponding long-run expected average reward (EAR). In this chap-
ter we consider the so-called EAR control problem in which we wish to max-
imize 7 +— J(m, x) over all # € II. More precisely, we wish to find 7* € II
such that
J(m*,x) =sup J(m,x) Vre X.
well

Our goal is to characterize such EAR~optimal policies 7* and to give condi-
tions ensuring the existence of an EAR-optimal stationary policy. This is a
standard result that can be obtained in a variety of ways. Here, we follow
the approach by Vega-Amaya [30], based on “fixed point arguments” to ob-
tain solutions to the Poisson equation (P.E.) (see Theorem 2.1.4) and to the
Average Reward Optimality Equation (AROE) (see Theorem 2.4.3). These
results are used troughout the rest of this work. We extend the results ob-
tained by Vega-Amaya [30] to the set of all randomized stationary policies ®.
For completeness we prove these results, although the proofs are just slight
modifications of those in [30].
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2.1 The Poisson equation

In this section we study the Poisson equation (P.E.) in (2.1.4) below. In
particular, we prove, under suitable conditions, the existence of solutions to
the P.E. To this end, we shall introduce two sets of hypotheses. The first
one, Assumption 2.1.1 below, uses a weight function W to impose a growth
condition on the reward function. The second one, Assumption 2.1.2, imposes
a Lyapunov condition that will yield that certain operator is a contraction
on the space By (X), defined in Section 1.5. The Assumptions 2.1.1, 2.1.2
will ensure the existence of a fixed point for this operator (see Lemma 2.2.1),
which in turn yields the solution to the P.E.

Assumption 2.1.2 was previously used for Markov control processes on
Borel spaces (see, for instance, [9], [10], [20] and [19]) but it was combined
with additional conditions that imply W-geometric ergodicity. The approach
in this section is quite different, because the basic idea is to use Banach’s
fixed point theorem and we do not need to introduce W-geometric ergodicity.

Let (X, A, {A(z) : z € X},Q,r) be a Markov control model as defined in
Section 1.3. The function W in the following assumption will play the role
of a weight function, as in Section 1.5.

Assumption 2.1.1 There exist a constant K > 0 and a measurable function
W (-) on X such that:

(a) W is bounded below by a constant 6 > 0.

(b) |r(z,a)| < KW(x) for all (x,a) € K.

Let v(-) be a measure on X. We write

() = /X u()y(do)

whenever the integral is well-defined. We will now state our second main
assumption:

Assumption 2.1.2 There exists a non-trivial finite measure v(-) on X, a
nonnegative measurable function I(-,-) on K and a positive constant \ < 1
such that:

(a) v(W) < 0.



CHAPTER 2. THE OPTIMALITY EQUATION 11

(b) Q(|x,a) > l(z,a)v(-) for each (x,a) € K.
(¢) Jx W()Q(dy|z,a) < AW (z) + I(z,a)v(W) for each (x,a) € K.
(d) v(l,) > 0 for each v € @, with l,(-) as in (1.4.5) with | in lieu of c.

Remark 2.1.3 Assumption 2.1.1(a) and iterations of the inequality in As-
sumption 2.1.2(c) yield, for every x € X,m € II, and n=0,1,---,

v(W)
0 < E"W(x,) <\"W —_ 2.1.1
< EIW () < MW () + T2 (21
This fact and (1.5.1) yield that for every u € By (X)
1
lim —E7|u(z,)| = 0. (2.1.2)

n—oo M

We can now state our first main result, where we use the notation r, and
@), introduced in (1.4.5) and (1.4.6), respectively.

Theorem 2.1.4 Under Assumptions 2.1.1 and 2.1.2 the following facts hold
for each ¢ € ®:

(i) The Markov chain defined by Q,(:|-) is v-irreducible and positive Har-
ris recurrent; hence it admits a unique invariant probability measure

(i.p.m.), say fi,.
(ii) po(W) < oo; thus we have

Py = pp(ry) <00, p*i=supp, < 0. (2.1.3)
ped

(iii) There exist a function Y, in By (X) such that the pair (p,, h};) satisfies
the P.E.

o) =rule) = o+ [ Q) Vre X, (214)

and, moreover, v(h7) = 0.

Since the proof of Theorem 2.1.4 is a bit long, we postpone it to the next
section.
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2.2 Proof of Theorem 2.1.4

Before proving Theorem 2.1.4 we shall introduce some concepts and prelim-
inary results.

Define 5
Q(Blz,a) := Q(Blz,a) — v(B)l(x,a), (2.2.1)
for each B € B(X) and (z,a) € K. Under Assumption 2.1.2(b), Q is a non-

negative kernel on X given K, and from Assumption 2.1.2(c) @ is contractive
in the sense that

/ W (y)Q(dy|z,a) < \W(z) V(z,a) € K. (2.2.2)
Let us fix p € ® and v € By (X) and define LY, : By (X) — Bw(X) by
Lyu(e) = (@) + | u(y)Qp(dylz)

u(y)Qy(dy|z) — v(u)l,(2)
(2.2.3)

for every x € X, u € By (X).

Lemma 2.2.1 Suppose that Assumptions 2.1.1 and 2.1.2 hold. Then for
each p € ® and v € By (X), the operator LY is a contraction with modulus \
on the Banach space By (X). Hence, by Banach’s fized pomt theorem, there
exists a unique function h, € By (X) such that LY, = hy,

hy(z) = v(z) + /Xh:;(y)Q@(dyu) —v(hg)l () VreX. (2.2.4)

Proof. From (2.2.2), it can be verified that L is a contraction on the Banach
space By (X). Therefore, by Banach’s fixed point theorem there is a unique
function hy, € By (X) satisfying (2.2.4). =

The following remark is used throughout the rest of this work.

Remark 2.2.2 Banach’s fixed point theorem gives an explicit formula for
hg, in Lemma 2.2.1:

Z/ Q(dylr) Va e X. (2.2.5)
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The series in (2.2.5) converges absolutely in the Banach space By (X). More-
over, we can define an endomorphism H, : By (X) — Bw (X), with H,v :=
hy,. By (2.2.5), we have

Hyv(z) = hi(x Z/ Y)QL(dylr) Ve X,ve By(X). (2.2.6)

On the other hand, one can show that, for each v € X, the series

oo

P,(dy|x) = Z Qn(dy|x) (2.2.7)

n=0

converges in the Banach space of finite signed measures on (X, B(X)). Thus
we may rewrite (2.2.6) as

Hyv(r) = h(v) = / v(y)P,y(dy|lz) Yz e X,v e By (X). (2.2.8)
X
where P,(dy|x) is the kernel on X defined in (2.2.7).
Note that
[Hollw < 1/(1 = A). (2.2.9)

Finally, H, preserves order, that is, if u < v then hg < hy, for all u and
v in By (X).

Lemma 2.2.3 If Assumptions 2.1.1 and 2.1.2 are satisfied, then for each
ped

n—1

1 1
lim EEfZl@(ZL’k) =000 >0, (2.2.10)

where hl, is the function hy, in (2.2.4) withv =1, i.e. by (2.2.6)-(2.2.7),
hi(-) == Hy(1x)(-) = Po(X]-). (2.2.11)

Proof. Let ¢ € ® be arbitrary and take v = 1. By Lemma 2.2.1, there
exists a unique function hl, € By (X) such that

ML) =1+ [ K@ (dyle) ~ v(L)(@) Vo e X
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By an iteration procedure we obtain
n—1
hi(x) =n—v(h))E2Y l(z) + EShl(2,) Ve eXn=1,---.
k=0
Multiplying by 1/n and letting n — oo, it follows from (2.1.2) that
1 n—1
v(h}) lim —E$> "ly(ax) =1 Vo eX,
n—oo N =0
which implies (2.2.10). m
We are ready for the proof of Theorem 2.1.4.

Proof of Theorem 2.1.4 Consider an arbitrary stationary policy ¢ € .
(i) By Lemma 2.2.1, for each v € By (X), there exists a unique function
hy, € Bw(X) satisfying (2.2.4), i.e.,

(o) = o) + | B)Qu(dyle) — (L)L) Ve X,

Thus, by iteration, we have

n—1 n—1
hiy() = BL Y v(we) = v(hy)EE Y Lo(ww) + EEhG(xn)
k=0 k=0
for every z € X, and n = 1,---. Hence, by (2.1.2) and Lemma 2.2.3, we
obtain
1 n—1 1 n—1
T B S v = v lim e Y1)
k=0 k=0
1
- y(Huw) <
V(hwu( L) < 00
(2.2.12)
for all v € By/(X). Now, in (2.2.12) take v = 15, with B € B(X). Then
n—1 n—1 1
o1 . 1 v(h?)
7}1_{&5§Q¢(B|x) = nh—>nolo ﬁEf§13(xk) = V(D) <oo VrelX.

This result and [16, Theorem 4.3.1] give the following facts:
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(I) The transition probability Q,(+|-) is positive Harris recurrent; hence, it
is irreducible and it has a unique i.p.m. .

(IT) For any bounded measurable function v on X,

—

n—

1
lim —E2 Y v(zg) = pe(v) Vo e X, (2.2.13)

n—oo M,
0

£
Il

which implies, with v =

©s
1 n—1

lim —E¥ ) = l,).

nLIEO T kz:; so(fpk) PJ@D( w)

By (2.2.10), we obtain

po(ly) = 0 > 0. (2.2.14)

Therefore, to complete the proof of part (i) it suffices to show that v(-)
is an irreducibility measure. In fact, by a characterization of v-irreducibility
(see, for instance,[22, Proposition 4.2.1]), we only need to prove that for all
x € X, whenever v(B) > 0, there exists some m > 0, possibly depending on
¢, B and =, such that Q7(B|r) > 0. Let B € B(X) be such that v(B) > 0.
By Assumption 2.1.2(b) and the invariance of j,, yield

Mcp(B) > V(B)Mw(lso)'

This inequality together with z,(l,) > 0 (see (2.2.14)) gives that p,(B) > 0.
Hence, by (2.2.13) with v = 15, we have

o1
lim —
n—oo n

n—1
> QL(Blx) = pa(B) > 0
k=0
This implies the existence of m > 0 such that Q'(B|z) > 0, and so the
desired result follows.

(ii) By (2.2.12) and (2.2.13), we see that every bounded measurable func-
tion v on X satisfies the formula

po(v) = ——2= = v(Hyv). (2.2.15)



CHAPTER 2. THE OPTIMALITY EQUATION 16

Hence, for every nonnegative bounded measurable function w satisfying 0 <
w < W, with W as in Assumption 2.1.1

1 1
fp(w) = y(hi?) v(Hyw) < I/(h}p)

v(H,W)

because H, preserves order. Since any nonnegative measurable function
is the limit of a nondecreasing sequence of nonnegative bounded measur-
able functions, together with the monotone convergence theorem (see, for
instance, [25]), we obtain

1
v(hl)

p

po(W) < v(H,W) < 0.

Thus, to complete the proof of part (ii), it only remains to verify (2.1.3).
Assumption 2.1.2(b) yields l(x,a) < 1/v(X) for each (z,a) € K, and so

po(lyp) < Vo € .

v(X)

On the other hand, Assumption 2.1.2(c) implies [y W(y)Q,(dy|z) <
AW () + l,(x)v(W). Integrating both sides of this inequality with respect
to p,, and using that p,(W) < oo, we obtain

pel v (W) v(W)

W) < . 2.2.16
wAW) S T S X (2:2.16)

Assumption 2.1.1(b) yields
Po = p(ry) < Kpu,(W) Vo e o. (2.2.17)

Thus, by (2.2.16),
Kv(W)
*i=su < Ksu W) < —F—— < o0.
o= sup e < Ko (W) < 75000

This completes the proof of part (ii).

(iii) To prove this part let us take v = r, — p,, in Lemma 2.2.1 to obtain
a function Ay satisfying (2.2.4). Define b7, := hy, for this particular v. Then
we obtain

B (2) = rol) — py + /X B ) Quldylz) — v(Iol(x)  (22.18)
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for every x € X. Integrating both sides of (2.2.18) with respect to the i.p.m.
[y, We can see that

V(h;)u¢(l@) = 0.
However, since p,(l,) > 0 (see (2.2.14)), the latter relation yields that
v(h}) = 0 and, hence, (2.2.18) reduces to the P.E. (2.1.4). m

Remark 2.2.4 The unique i.p.m. p, in Theorem 2.1.4(i) can be expressed

as
1

w0 = | Potlawas). (2.2.19)

Indeed, since (W) < oo, from Lebesque’s dominated convergence theorem,
we can see that (2.2.15) is satisfied for every function v in By (X):

w) = s fo | L romain)] v

_ ﬁy(va). (2.2.20)

Moreover, comparing (2.2.20) and (2.2.12), we obtain the limit

n—1

lim lE‘p v(zg) = pe(v) Vo € By (X), (2.2.21)

which gives (2.2.19).

2.3 Uniqueness of solutions to the P.E.

To prove uniqueness of the functions 7, satistying the P.E. (2.1.4), we need
the following lemma.

Lemma 2.3.1 Suppose that Assumptions 2.1.1 and 2.1.2 hold. Let v, h,h
be functions belonging to By (X), and ¢ € ®. Suppose that

ba) = o(o)+ [ Wu)Qu(dyla) Vo€ X,

and
o) = (o) + [ Bu)Quldyle) Vo€ X.
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Then h(-) and iL() differ by a constant, i.e.,
h(z) — h(z) = c(p) Yz e X,
where c(yp) is the constant c(y) = p,(h — h).

Proof. Let u := h— h. The hypotheses yield u(x = Jx u(y)Q,(dy|x) for all
x € X. Hence, by induction,

u(z) = /Xu(y)QZ(dyM) VreX,n=0,1,---. (2.3.1)

By (2.2.21), as n — oo we obtain

-1
E? Zu ) — pp(u) Vo e X.

=0

3I+—‘
x :

Thus, u(z) = h(x) — h(z) = py(u) for all z € X. =

Proposition 2.3.2 With the notation of Theorem 2.1.4, if h € By (X) is a
function satisfying the P.E. (2.1.4), then h(x) —h}(x) = c(p) for each x € X
and some constant c(p). Moreover, h = I, iff v(h) = 0. In particular, h, is
the unique function in By (X) satifying the P.E. and such that v(h,) = 0.

Proof. This result follows from Lemma 2.3.1

Remark 2.3.3 The functions h7, in Theorem 2.1.4(iii), satisfying the P.E.
(2.1.4), are defined in similar form as the ones in [18, Lemma 4.1]. Actually,
by (2.2.5), we can write h7, as

Z/ re(y Q"(dylz) = /X[%(y)—p@]f’@(dyu) (2.3.2)

for all x € X, with P,(dy|z) as in (2.2.7), while in [18], due to W-geometric

ergodicity, the corresponding function is given by

Z/ ro(y) — plQy(dylz) Ve X.
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2.4 The optimality equation

In this section, we characterize optimal policies by means of the average
reward optimality equation (AROE). To this end, we introduce the long-
run expected average reward per unit-time criterion, hereafter abbreviated
average reward criterion, which is defined as follows.

Definition 2.4.1 Let (X, A,{A(z) : = € X},Q,r) be a given MCM (see
Section 1.3 above), and let

Jo(m, @) == ET rl r (2, ak)l (2.4.1)

k=0

be the total expected n-stage reward when using the policy 7, given the initial
state xo = x. Then the long-run expected average reward (EAR) when using
m e ll, given xo = x, is

J(m,z) ;= liminf J, (7, x)/n. (2.4.2)

n—oo

The EAR problem s to find a policy ™ such that

J(r*,z) ==supJ(m,z) = J(x) VeeX. (2.4.3)
well
A policy ™ that satisfies (2.4.3) is said to be EAR-optimal and J*(-) is
called the EAR-value function.

In contrast to (2.4.2), we define

J(m,x) := limsup J, (7, x)/n. (2.4.4)
Note that )
J(m,x) > J(m, x)

for every control policy m € II and state x € X.

In addition to Assumptions 2.1.1 and 2.1.2, we next impose other condi-
tions on the control model. Several versions of these conditions have appeared
in the literature (see, for instance, [18, 20, 19, 29, 30]), but the main ideas
go back to [9, 10].

Assumption 2.4.2 For each v € X:



CHAPTER 2. THE OPTIMALITY EQUATION 20

(a) A(x) is a (nonempty) compact subset of A.
(b) r(z,-) is upper semicontinuous (u.s.c.) on A(x).

(c) Q(-|x,-) is strongly continuous on A(x), that is, the mapping

aﬁ/}(ﬂ(y)Q(dylx,a)

is continuous on A(x) for each bounded measurable function u on X.

(d) The mapping a — [y W(y)Q(dy|x, a) is continuous on A(x), with W as
in Assumption 2.1.1.

(e) l(x,-) is continuous on A(z), with l(-,-) as in Assumption 2.1.2.

The next theorem establishes the existence of solutions to the so—called
average reward optimality equation (AROE) in (2.4.5) below. Moreover, it
characterizes optimal policies by means of the AROE.

Theorem 2.4.3 Suppose that Assumptions 2.1.1, 2.1.2 and 2.4.2 hold. Then:

(1) There ezists a triplet (h*, f*, p*), with h* € By (X), f* € F, and p* as
in (2.1.3), that satisfies the AROE

h) = sup){mx,a)—pw [ roealea] s

acA(z

= @ =+ [ Wyl Vo eX

(ii) Moreover,

Pt = (", x) 2 J(mx) = J(m,2)

for all x € X and m € II. Hence, the constant p* = J*(x) is the
FEAR-value and f* is an EFAR-optimal policy.

We give a proof (in Section 2.6) taken from [30, Theorems 3.10 and 3.12].
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2.5 Preliminary results

We define, for each u € By (X) and z € X

A~

Tou(z) := sup {r(m,a)—p*—i— /X u(y)@(dy|x,a)} (2.5.1)

a€A(x

with Q as in (2.2.1).

To prove Theorem 2.4.3 we need the two following lemmas. These are
standard dynamic programming results, but we state them here (including
the proof of Lemma 2.5.2) for completeness and ease of reference.

Lemma 2.5.1 Suppose that Assumptions 2.1.1, 2.1.2 and 2.4.2 hold. Then
for each u € By (X) there ezists f € F such that

Tou(z) =re(x) — p* + /XU(?J)@f(d?J|x) Vr e X. (2.5.2)

Hence, T,u is measurable and it belongs to By (X).
Proof. See [17, Proposition 2.6]. m

Lemma 2.5.2 Suppose that Assumptions 2.1.1, 2.1.2 and 2.4.2 hold. In
addition, suppose that there exists a function h* € By (X) and a constant p°
satisfying

h*(x) = sup {r(x,a) —p° —|—/ h*(y)Q(dy\:L’,a)] Vo € X. (2.5.3)
ac€A(x) X

Then we have
P’ > J(m,x) > J(r,x) VreX,mell (2.5.4)
Proof. Let m € II be an arbitrary policy. Recall from (1.4.4) that
P} (dxg, dag, dvy, day, - - -) = vo(dxo)mo(dag|vo)Q(dxy|w0, ag)mi (day|hy) - - -

where g is the initial distribution.
The formula (2.5.3) gives us

h*(z) + p° > r(z,a) + /X h*(y)Q(dy|x,a) V(z,a) € K.
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Taking vy(dzg) = 0,(dxg), the latter inequality yields

/Xh*(ﬁo)éx(dﬂfo)ﬂo(dadiﬁo)—Fpo2/XT'(.Q?O,ao)(sx(dl’o)ﬁo(dao‘%())

+ / h*(l‘l)(5$(d$0)71’0(da0|$0)Q(dl‘1|ZE07 (10).
X

That is
ETh*(x0) + p° > ETr(z0,a0) + ETh*(21).

In general, a similar procedure for each n =1,2,-- -, gives,
ETh* (2, 1)+ p° > ETr(2p_1,an1) + ETh*(x,).

Iterations of this inequality yield

n—1 n—1 n
EZ Z h*(xy) +np’ > ET Zr(mk, ay) + E7 Z h*(xy),
k=0 k=0 k=1

or, equivalently,

n—1

h*(z) — ETh*(z,) +np® > ET Zr(xk, a).

k=0
Multiplying by 1/n both sides of the latter inequality , gives

n—1
1 1 1
W (2) = ~ETh(2a) + 9 > ~ ]
n

" r(xg, ag).

(]

k=0

Therefore, as n — oo, (2.1.2) gives

n—1 n—1
1 1
O > limsup —E~™ r(xe,ar) > iminf —E7 r(xe, ag).

Thus
p’ > J(m,x) > J(m,x)

foreachze Xand m€ll. m
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2.6 Proof of Theorem 2.4.3

We are ready for the proof of Theorem 2.4.3

Proof of Theorem 2.4.3 (i) By Lemma 2.5.1, 7, is a mapping from By (X)
into itself. We assert that T, is a contraction. To this end, let u be an
arbitrary function in By (X) and define

Lu(e.a)i=r(.) = ' + [ up)Qdyle.) Viz,a) €K
X
If v € By (X) is another function, then

Lu(z,a) — Lo(@,a)] < |lu—ollw / W (y)Q(dylz, )
< Alu—o||lwW(x

This implies
Tou(z) = sup Lu(z,a) < sup Lo(z,a) + Al|lu — v||wW(z);
acA(x) a€A(x)

hence

A~ A~

Tou(x) < Tow(x) + Mu — v||lwW (z).

By symmetry R R
Tw(x) < Tou(x) + A||lu — v||lwW(x).

These two inequalities imply
[ Tou(z) = Too(@)] < Allu— ollwW (2);

therefore R R
| Tvu — Toollw < M|lu—v|lw  Vu,v € By (X). (2.6.1)

Thus, T. is a contraction on By (X), and again by Banach’s fixed point
theorem there exists a unique h* € By (X) satisfying T,h* = h*, that is

W (z) = up. {r(x,a)—p*+/xh*(y)@(dy|x,a)] Vi € X.

a€A(x
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On the other hand, by Lemma 2.5.1 again, there exists a function f* € F
such that

Hw) = s i) =+ [ W0

a€A(x)
= (@)t /X B )0y (dylz) Vi € X;
thus
B (z) = rpe(z) — o7 + /X B ()Q;- (dylz) — v(h)lp-(z) Ve € X.

Integrating both sides of the latter relation with respect to the invariant prob-
ability measure fi s+, we obtain v(h*)us(lg+) = pp« —p* < 0. By Assumptions
2.1.1(a) and 2.1.2(c) note that

inf pi,(l,) > (1= A)f

o W > 0. (262)

Then v(h*) < 0 because pp«(If«) > 0. On the other hand, note that

W) 2 () =+ [ B @Qyla) Viaa) €K

which in turn implies that

(@) 2 rofe) =+ [ W)Quldyla) — v(W)lole) Vo€ Xog €@,

Integrating again but now with respect to p, we get

V(R )pp(ly) 2 pp — p* Vo € O

by inequality (2.6.2) and the fact that v(h*) < 0 we obtain

o < (o= p)r(W)
v(h*) > TS, Vo e d

hence
v(h) (1 =N)0/v(W) + p* > Sup p, = p*.
e
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The latter inequality implies that v(h*) > 0. It follows that v(h*) = 0, and
so the triplet (h*, f*, p*) satisfies (2.4.5).

(ii) Integrating both sides of the AROE (2.4.5) with respect to the i.p.m.
g+, We can see that p* = py-.

By (2.2.13)

n—1
1
J = liminf —E7 = = Ve € X.
() = liminf ZB7 S ri(ov) = o) = o Vo €
This fact and Lemma 2.5.2 yield

J(f* x) = pp =p* > J(m,x) > J(m,2) VxeX,mell

therefore, p* = sup,c J(7,2) = J*(z) is the optimal value and f* is EAR-
optimal. m

Remark 2.6.1 With the notation of Theorem 2.4.3, the function h* € By (X)
and the invariant measure jip« € My (X) have explicit forms (see (2.3.2)

and (2.2.19)). Indeed, because v(h*) = 0, Proposition 2.3.2 yields h* = hy-.

Hence, by (2.3.2),

g T g Q*dx re(y) — p*| Pee(dy|x
/f f(y|> /[f<y> p]f(y|)
for all x in X, and

ppe() =

(|z)v(dx) o, )/Pf*(-\x)u(dx)

with Py« as in (2.2.7), with ¢ = f*.

Definition 2.6.2 A (randomized) stationary policy ¢ € ® is called canonical
if there exists a constant p and a measurable function h € By (X) such that

j+ h(z) = sup) [r(x,a) + /Xﬁ(y)Q(dyM,a)] Vr e X, (2.6.3)

a€A(x

and
5+ h(@) = ra(z) + /X F(y)Qaldylz) Vo € X, (2.6.4)
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If (2.6.3) and (2.6.4) are satisfied, then the triplet (p, h, @) is called a canon-
ical triplet. Let ®., be the class of canonical policies, and P, the class of
(randomized) stationary EAR-optimal policies. We also define the sets of
determanistic policies Fo, = F N @y, and Feop = F N gy

From Theorem 2.4.3, the classes ®., and ®.,, are nonempty. Furthermore,
the triplet (h*, f*, p*) in Theorem 2.4.3 is canonical.

Proposition 2.6.3 Under the assumptions of Theorem 2.4.3
D, C Doy (2.6.5)

Furthermore, if (ﬁ,iz, Q) is a canonical triplet, then p is the optimal value,
that is, p = p*.

Proof. Let (p, h, ©) a canonical triplet, so that the relationships (2.6.3) and
(2.6.4) hold. Integrating both sides of (2.6.4) with respect to p; we obtain
p = pg(rs) = ps. On the other hand, by (2.6.4) and Lemma 2.5.2,

p=ps>J(mx)>J(maz) VeeX,mell

Thus
pr=p=ps=J(p,x)=J(r) VreX

therefore, ¢ is an EAR-optimal policy. m

Concluding remarks. In this chapter we establish preliminary results
used troughout the rest of this work. We extend the results obtained by
Vega-Amaya [30] to the set of all randomized stationary policies ®. Further-
more, we give explicit expressions for the invariant measures (see equation
(2.2.19)), and also for the functions hj, (see equation (2.3.2)) that solve the
P.E., and the functions h* that solve the AROE (2.4.5). This fact will be
particularly useful to prove boundedness conditions, which are necessary for
“nice” asymptotic results (law of large numbers, asymptotic normality) and
to prove compactness conditions.



Chapter 3

Pathwise Average Reward
Optimality

In this chapter we study pathwise average reward (PAR) optimality for the
general MCP introduced in Section 1.3. Our main objective is to show the ex-
istence of PAR~optimal policies under our assumptions introduced in Chapter
2. This problem is reduced to the context of Chapter 2 because in fact we
prove (in Theorem 3.3.2) that a stationary policy is PAR-optimal if and only
if it is EAR~optimal as in Definition 2.4.1. To this end we use the law of large
numbers for martingales, also known as the martingale stability theorem (see
Lemma 3.2.3 below).

As was already mentioned in Section 1.1, pathwise average optimality has
been studied under some hypotheses. For instance, Hernandez-Lerma et al.
[18] impose conditions ensuring w-geometric ergodicity. Here we follow the
fixed point approach initiated in Chapter 2.

This chapter is based on the works of Hernandez-Lerma et al. [15, Chap-
ter 11] and [18]. Similar results for continuous-time Markov chains can be
found in [24].

3.1 Definitions and a preliminary result

Definition 3.1.1 Let (X, A, {A(x) : x € X},Q, 1) be a general MCM as in
Section 1.3, and let

Sp(m,x) =Y r(vk,ar) (3.1.1)

3
—

B
Il

27
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be the pathwise n-stage total reward when using the control policy w € 11,
given the initial state x € X. We define the pathwise average reward:

S(m,x) = liminf S, (7, z)/n. (3.1.2)

n—oo

Here we use the convention that the sequence {x, ag, x1,ay,---} in (3.1.1)
and (3.1.2) corresponds to the state-action process when using the policy T,
given the initial state x.

In the following proposition we show that if in (3.1.2) 7 is a stationary
policy ¢ € @, then S(¢, ) coincides with the expected average reward p, =
py(r,) defined in (2.1.3).

Proposition 3.1.2 Suppose that Assumptions 2.1.1 and 2.1.2 hold. Then
for each p € ® and each initial state x € X

n—1

1
S, ) = nh_{goﬁ er(xk) =pp Pf—as
k=0

Proof. This result is a consequence of the strong law of large numbers for
Markov chains (see, for instance, [22, p. 411] or [15, Theorem 11.2.1(a)]).
Indeed, by Theorem 2.1.4 above, the Markov processes {z} associated to
the kernel Q,(:|z) is positive Harris recurrent and the strong law of large
numbers holds:

n—1

lim — E ro(xr) = pp(ry) PP —a.s.
n—oo M,
k=0

since the function r, is p,-integrable. Thus, from (3.1.1) and (3.1.2), we
obtain the desired result. =

3.2 Technical preliminaries

Let W be as in Assumption 2.1.1.

Assumption 3.2.1 There exists a positive constant Ko such that

r(z,a)®* < KoW(z) VY(z,a) € K.
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Let us consider a randomized policy 7 € II, and h such that h? € By (X);
equivalently, h € B, (X) where w(x) := /W (x) for all z € X. For k,n =
1,2, let

with h,_; being the admissible history up to time £ — 1, and
M, = Y, (3.2.2)
k=1

In particular, if 7 = ¢ € ®, then Y} is given by

Vi = hizx) - /X W) Qo (dylzs ).

The next two lemmas are taken from the work of Hernandez-Lerma et al.
[18]:

Lemma 3.2.2 Suppose that Assumptions 2.1.1, 2.1.2 and 3.2.1 hold, and let
xo = x be an (arbitrary) initial state. Then {M,}n>1 is a square integrable
PT-martingale with respect to the o—algebra

Fn =o0{xo, a0, Tpn_1,0n-1,%n} = 0{hy}.
Moreover,
(1) EF Dy b2 W) < oo
(i) D2 k2W(ag) < oo PrF—a.s.;
(iii) AW (zx) = 0 PTF—a.s.;
(iv) k'w(zy) - 0 PF—a.s., with w(-) = /W ().

Proof. It suffices to prove (i):
Since |h(z)] < ||hllwy/W (x) for each z € X, from (3.2.1) we obtain

Yi| < ||Allwfw(zr) + EF [w(wg)|g-1]}-

Thus
Vi < 2/RIaAW (2x) + EF[W (2)zx-1]}, (3.2.3)
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and so Y is square integrable with respect to the probability measure Py .
Hence, noting that M,, — M,,_ 1 =Y,

ET M, — My_1|Fpi] = EZ[Yalhoo]
EZ[h(@n)|hn-1] — E7 [h(25)|hy—1] = 0,

ie.,

EX[M,|Fn1] = M, 1.

Then {M,},>1 is a square integrable PT-martingale.
On the other hand, by Assumption 2.1.2(c) we can see that

/ W(y)Q(dylz,a) < \W(zx)+b VreX, (3.2.4)

where b is a constant. By an iteration procedure, we obtain

1— Ak

E™W (z) < NW () + b

for k=0,1---,
which in turn gives (i). m

Lemma 3.2.3 Under the assumptions of Lemma 3.2.2,

1
lim —M, =0 P —a.s.

n—oo M

Proof. Inequality (3.2.3) implies
EZ[YE | Fia] < AlRIGET W ()| Fii]

because ET[W (xy)|xr—1] = EI[W (zx)|Fr—1]. By Assumption 2.1.1(a) and
(3.2.4), we obtain

EZ W (2p)|[Frea] = W (xp) | hp—1]
= //W Q(dy|zy_1,a)m_1(dalhy_1)

)W(xk 1);

IN

9
Therefore, by Lemma 3.2.2(ii)

[e.e] b o
> B[V Fia] < AllBlE O [ W (@o)+ DKW ()| <00 Pr-as.
k_
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Finally, by the Martingale Stability Theorem (see, for instance, [15, p. 173],
we obtain

lim an =0 P] —a.s.

n—oo M,
|

Lemma 3.2.4 Suppose that Assumptions 2.1.1, 2.1.2 and 3.2.1 hold. Let
h:, be the function in Theorem 2.1.4(iii). Then h is a w-bounded function,

with w = VvW.

Proof. Let P,(dy|x) be the kernel on X defined in (2.2.7), and let Q be as
in (2.2.1). By the Cauchy-Schwartz inequality,

/X VIV )0(dylr.a) < \/ /X W ()0 (dylz, a)y/ (X, a)
< \/X\/W(a:).

That is
/ VW 0dyle,a) < /W@ V(r,a) €K,

X
where 7 := v/X < 1. Thus

/x \/W(y)@’;(dmm) <n"VW(z) VeeX,neNped.

This inequality implies that

[ V@) < e ex (3.25)

I—mn

On the other hand, by Assumptions 2.1.1(b) and 3.2.1 it follows that
7, (x)| < /KW (z). By (2.2.16) and (2.2.17) we also have

Kv(W)

e < Kpo(W) < K3 o= A=\ (X)

Consequently, from the explicit form (2.3.2) of the function he,

W) < /X 1re(y) — pol Po(dyl2)
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< / 7o (y) | Py dy| 4 126l / VW (y)Py(dy|z)
(3.2.6)
with 6 as in Assumption 2.1.1(a).
Combining (3.2.5) and (3.2.6), we obtain
(@) < Ko/ W(@) Vo e X,
where K«
3
K, (VK + J5)
S
does not depend on . Thus (h})? is in By (X). m
For future reference, we note the following.
Remark 3.2.5 We define, for each v € B, (X),
Ryo(x) = / o(y)Qudylr) ¥z € X. (3.2.7)
X

We claim that Ry,v € B, (X). Indeed, (3.2.4) implies
/W Q(dylz,a) < KW (z) V(z,a) € K,

with K'* := \ + b/0. Hence, by the Cauchy-Schwartz inequality

/X ¢w<y>@<dy\x,a>s\/ /X W()Qylz,a) Y(z.a) € K.
Therefore

/X\/W(y)Q(dykv,a) < K'\W(z) V(r,a) €K (3.2.8)

This inequality implies that Ryv is in B,(X) for each v € B,(X), with
w(-) =/W().
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Lemma 3.2.6 Let w(-) = /W(:). Suppose that Assumptions 2.1.1, 2.1.2
and 3.2.1 are satisfied. Given a randomized policy w € 11, an initial state
x € X and an arbitrary h € B, (X), we have

n—1

ZL”h(mk) —0asn—o00 P;—a.s. (3.2.9)
k=0

S|

with
L™h(xy) == E7 M @ps1) ] — h(),

where hy 1s the admissible history up to time k.
For a stationary policy m = ¢ € P,

(Lo = [ Me)Quldyle) ~ hw) Va € X,

Proof. Notice that

n—1

M, = [h(xn) — h(z)] = > L™ (xx), (3.2.10)

k=0

with M, as in (3.2.2). From Lemma 3.2.2(iv) and Lemma 3.2.3 we have
1 1
—h(z,) -0 and —-M,—0 P —a.s.
n n

as n — 00. These limits and (3.2.10) imply (3.2.9). =

Lemma 3.2.7 Suppose that the hypotheses of Theorem 2.4.3 and Assump-
tion 3.2.1 are satisfied, and let (h*, ¢*, p*) € By (X) x & x R be a canonical
triplet, that is, a solution to the AROE (2.4.5). Then h*(z) — h}.(x) = c
Jor all x € X, where ¢ is a constant that may depend on ©* and h., the
function in Theorem 2.1.4(iii) corresponding to the policy ¢*. Furthermore,
h* is w-bounded, with w = vVW.

This result follows from Lemma 2.3.1 and Lemma 3.2.4.
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3.3 Pathwise average optimal policies

In this section we study a class of Markov control problems for which there
exists a pathwise average reward (PAR) optimal policy as defined below. The
main result in this section is Theorem 3.3.2 which together with Theorem
2.4.3 gives the existence of pathwise average optimal policies in .

Definition 3.3.1 A randomized stationary policy ¢* € ® is said to be path-
wise average reward optimal (PAR-optimal) if for each randomized policy
m €1l and each x € X,

S(m,x) < pp P —a.s.

With pyx = g (T4 ).

Theorem 3.3.2 Suppose that the hypotheses of Theorem 2.4.3 and Assump-
tion 3.2.1 are satisfied. Then a stationary policy is PAR-optimal if and only
if is expected average optimal.

Proof. As a consequence of Proposition 3.1.2 and Theorem 2.4.3, pathwise
average optimal policies are necessarily expected average optimal.
Conversely, let (p*, h*) € R x By (X) be a solution of the AROE (2.4.5).
By Lemma 3.2.7, we have that h* is in B,(X). Now, let ¢* € ® be an
expected average optimal policy, that is, p,« = p*. From the AROE (2.4.5)

por 2 r(w) + [ W )QUyle.0) =1 (@) V(aa) €K

Hence, for an arbitrary policy 7w € II and initial state z, we have

per = r(xy,ar) +/ W (y)Q(dylwk, ar) — h*(2x)
X
= r(zg,ar) + EL [0 (2ks1)|he, ag] — R*(xg)  PI — a.s.

x

for all k = 0,1, ---. Taking conditional expectation with respect to h,

per = EX[r(zy, a)lhe] + BT [0 (zer1) | ha] — h* (z2)
= El[r(zk, ax)lh] + L7h*(2x)  Pf — a.s.
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with L™h*(z) defined as in Lemma 3.2.6. Hence
n—1
npge = Sy(m, )+ L7h*(z) Pf—a.s.
k=0

Finally, multiplying both sides of the latter inequality by 1/n and taking
lim sup as n — o0, and use Lemma 3.2.6 to obtain

1
pe+ > limsup =S, (7, x) > S(m,x) P, — a.s.
n—oo N

for every policy w € II. Thus, ¢* is sample-path average optimal. m

Concluding remarks. In this chapter we have studied pathwise average
reward optimality. It is proved that under our fixed-point approach and un-
der a growth condition on the reward (Assumption 3.2.1), pathwise average
reward optimality and expected average optimality are equivalent. To this
end we verified that, under our hypotheses, we can use a law of large num-
bers for martingales, also known as the martingale stability theorem. These
techniques have been used in previous works like [18] assuming w-geometric
ergodicity.



Chapter 4

Variance minimization

In this chapter we study the existence of a stationary policy that minimizes
the limiting average variance in the class F., of deterministic canonical poli-
cies (recall Definition 2.6.2). Under our assumptions, we extend the results in
the works of Hernandez-Lerma et al. [18] and [15, Chapter 11}, which require
w-geometric ergodicity. Our procedure does not need w-geometric ergodic-
ity, and it is a consequence of our results in Chapters 2 and 3. Moreover, we
show that under an appropiate growth condition on the reward, the MCP
satisfies an asymptotic normality condition, which is very useful in adaptive
control problems.

4.1 Definitions

Definition 4.1.1 Let J,(p,x) and S,(p,x) be as in Definitions 2.4.1 and
3.1.1. For every ¢ € ® and initial state x we define the limiting average
variance

V (e, z) := limsup %Var[Sn(go, )] (4.1.1)

n—oo

where (by definition of variance of a random variable)
var[S,(i0, 2)] = EZ[Sul(p, x) = Ju(ip,2)].

We introduce some notation: in the remainder of this chapter we define
hy := h*, where h* as in (2.4.5). For each z € X, let A*(z) C A(x) be the
set of control actions that attain the maximun in (2.4.5), that is,

A*(z) = {a € A(z) : p* 4+ hi(x) = r(x,a) + /Xhl(y)Q(dmx,a)} (4.1.2)

36
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Remark 4.1.2 Observe that by (2.6.4), a deterministic policy f € F is
canonical if and only if f(z) € A*(x) for all x € X.

Let

Moa)i= [ nate.a - | [ h1<y>Q<dy|x,a>]2 (1.1.3)

Under the assumptions of Lemma 3.2.7, the function A on K is well
defined.

4.2 Preliminary results
To state our variance-minimization result, we need the following lemmas.

Lemma 4.2.1 Under Assumptions 2.1.1, 2.1.2 and 2.4.2, let us consider hy
satisfying (2.4.5) in Theorem 2.4.3, ¢ an EAR-optimal policy, and h}, the
functions defined in Theorem 2.1.4-(iii). Then

(@) hi(-) = hi(-) +¢c, py — a.e. for some constant c,.

(b) There exists a canonical policy p € D, such that (p*, hy, ¢) is a canonical
triplet, p(-|z) = ¢(|z) p, —ae., and py = p,. Moreover, hi(x) =
hi(x) + ¢, for all v € X.

Proof. (a) From the AROE (2.4.5), we have

pr 4 hi(x) > ro(x) + /X hi(y)Q,(dylx) Vo e X. (4.2.1)

*

Since ¢ is EAR-optimal, we have p, = p,(r,) = p*.
Poisson equation (2.1.4) is

The corresponding

p"+ hi(r) =ry(x) + /x h(y)Qy(dy|r) Vo e X. (4.2.2)

By (4.2.1) and (4.2.2), it follows that the function u(-) := h7(-) — () in
By (X) is subharmonic with respect to @, i.e.

[ e@utdsla) 2 uie) Vo e,
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By an iteration procedure, we get

/ u(y)Qy(dylr) > u(x) Ve eX,n=0,1,---.
X

From this inequality, we see that

and letting n — oo we obtain

/Xu(y)u@(dy) = py(u) > u(z) VreX. (4.2.3)

So, u is bounded above. We define ¢, := sup,.x u(z). By (4.2.3), we have
¢o = Jx u(y)py(dy), which implies

u() = W) =) =, - ae.

That is,
RL() =h(:) ¢y pyp—ae.,

with ¢, = sup,ex u(z) = [5 u(y)ps(dy).
(b) Notice that

|17+ @ =rote) = [ )@ (aia)]nlr) = o
because ¢ € @4, i.€., p, = p*. By Inequality (4.2.1) we have
g (o) = o) + [ m)Quldyla) s, e (4.2.4)
Hence there exists a Borel set N € B(X) such that y,(N) = 0 and
p* 4 hi(z) =ry(x) + /)(hl(y)Q¢(dy|a:) Vre N :=X\N (4.2.5)

On the other hand, we consider a canonical policy ¢* € ®., such that
(p*, h1,¢*) is a canonical triplet, and define the new policy

o) = In(2)@"(|7) + Ine(x)p(-|lz) Vo e X.
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Notice that
o(-|z) = ¢(-|z) and Qu(|x) = Qu(-|lz) pyp — ace. (4.2.6)

Moreover
o(|z) = ¢(|z) and Qu(|z) = Qy(-[z) Vo e N
Hence, (4.2.6) implies
o) = (). (42.7)

Actually, we have that Q,(B|zr) = Qu(Blx) p, — a.e., for all B in B(X).
Integrating both sides with respect to p,, we obtain

1o(B) = [ QalBlala (o)

So, p, is an invariant measure for Qs (B|z). By uniqueness of the i.p.m., we
obtain () = pa(-).

Next we show that (p*, hy, ) is a canonical triplet: Let x € X be arbi-
trary.
(i) If z € N, then ¢(-|z) = ¢*(-|x). This implies

p i) = s [z + [ b)Qla)
ac€A(x) X

— r@*(x)+/)(h1<y)Qw*(dy|x)
— )+ /X I (1)Qp(dyl).

(ii) If z € N¢, then ¢(-|z) = ¢(-|z). By (4.2.5)

P = sw e+ [ etk

acA(z)

= role)+ [ )@ ()
= rsla)+ [ )@ (dyia).

Combining (i) and (ii) we have that (p*, hy, ) is a canonical triplet and ¢ is
a canonical policy such that ¢(-|x) = ¢(-|z) p, — a.e., and pg = piy,.

Finally, from Lemma 2.3.1, we obtain h}(z) = hi(x) + ¢, for all z € X.
n
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Lemma 4.2.2 Suppose that Assumptions 2.1.1, 2.1.2, 2.4.2 and also 3.2.1
hold. Let p € @ be arbitrary and let hi, be a function as in Theorem 2.1.4(iii).
We define the function

W)= [ 1@l - | [ h;@)@@(dyrx)r vieX. (428)

Then:

(a) The functions h:‘f, W, and hy* belong to By (X), where hy as in Theorem
2.4.3 satisfying the AROFE (2.4.5);

(b) The limiting average variance satisfies

n—1
.1
Vip,z) = nll_{go EE;? kz_o U, (xy) = 03; Vo € X, (4.2.9)

where 07, = p,(Vy);

(c) For each ¢ EAR-optimal policy in Peq. there exists a canonical policy
p € &, such that Yy, =V, p, —a.e.. Hence
V(g,z) =V(p,z) =02 VreX.

®

In particular, for each f stationary policy in Feq there exists a canon-
ical policy f € F., such that

N

V(fx)=V(f,x)=0} VzeX

Proof. (a) This part follows from Lemma 3.2.4 and Lemma 3.2.7 above.
(b) This part is a consequence of [15, Theorem 11.2.4].
(c) From Lemma 4.2.1(b), for each ¢ in ®., there exists a canoni-
cal policy ¢ in ®.,, such that (p*,hy,¢) is a canonical triplet, ¢(-|z) =
o(lz)  py —ae., py = p, and hy(z) = hj(z) + ¢, for all x € X. Hence

Voto) = [ Q) - [ [ Qo) veeX. (210

Furthermore, by Lemma 4.2.1(a), there exist a subset NV in B(X) such that
tp(IN) = 0. Moreover
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(i) h3(7) = ha(x) + ¢, Va & N, where ¢, is a constant.

(i) ¢(-fx) = @(-lx) Vo ¢ N.

Notice that
0= 1p(N) = | Qu(Nla)py (o)
Thus Qu,(N|z) = 0 p, — a.e. Hence, there exists N’ in B(X) such that

po(N') =0 and
Qp(Nlz) =0 Vo e N (4.2.11)

By (i) and (4.2.11), we have that
Jreuan) = [ m2eQutal) + [ 1@ k)
= [ ) + e Quldsle)
= [ )+ Qi) Vag NUN
Similarly

[ rwQutae) = [ i) +c)Quiasie) vrg NUN.

V(o) = [ mw)Qudnia) = [ [ m)@uania)] Ve g NUN'. (@4212)

By (ii) and (4.2.10), we have

Vs(o) = [ mw)Quanie) [ [ me)Qulay)] veg N, (4213

Comparing (4.2.12) and (4.2.13), we have that ¥, = ¥, pu, — a.e. Since

fg = [y, then
033 = pp(Vy) = pp(Vy) = 03-

So, from part (b) of this lemma we obtain

V(g,z) =V(p,x) VeeX. =
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Remark 4.2.3 From the proof of Lemma 4.2.2(c) (see equation (4.2.12)),
we can see that if f € Fey, then

\Iff = Af Hy — a.e.
where A(z,a) as defined in (4.1.3). Consequently, by Lemma 4.2.2(b)
V(f, ) =0F=pp(Wy) = pp(Ay) VoeX

4.3 Main result

In this section we prove that, under the hypotheses of Theorem 3.3.2; there
exists a deterministic canonical policy f* in F., such that
V(f,z) = fi%f V(f,z) VreX. (4.3.1)
E ear
Theorem 4.3.1 Suppose that Assumptions 2.1.1, 2.1.2, 2.4.2 and also 3.2.1

hold. Then there exists a constant o2 > 0, a deterministic canonical policy
f*€F, and a function hy(-) in By (X) such that, for each x € X,

s ahae) = min M)+ [ ha@QUla)
a€A* () X
=A@+ [ ha()Qs- () (132
Furthermore, f* satisfies (4.3.1) and V(f*,-) = o2; in fact
V(f2)=pp(Ap) =02 VoeX (4.3.3)
and
o2 <V(f,z) Yf€EFep,zeX. (4.3.4)

Proof. Let A*(z) and A(z,a) be as in (4.1.2) and (4.1.3), respectively, and
consider the new Markov control model

(X, A, {A*(2) : 2 € X},Q,C)

with C(z,a) := A(x,a). We can check that this control model satisfies the
assumptions of Theorem 2.4.3, i.e., Assumptions 2.1.1, 2.1.2 and 2.4.2. In
this case, J is replaced by

~ 1
V{(m, x) = limsup —E”[ A(zg, ak)].

n—oo I
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Note that _
V(f,x) = ps(Ay) foreach f eF. (4.3.5)

On the other hand, by Theorem 2.4.3, and by Remark 4.1.2, there exists a
triplet (hq, f*,02) with hy € By (X), f* € F., and o2 := inf pep s (Ay), such
that

ho(z) = min {A(az,a)—af—l— /X hg(y)Q(dy|x,a)}

aC A*(z)
= Ap —a§+/xh2(y)Qf*(dy|x) vz € X.
From this equation and by Remark 4.2.3
of = pp(Ap) =V(f*,2) VreX,
Moreover, by (4.3.5) and Remark 4.2.3 again
ol <V(f,x) =pi(A;) =V(f,2) Vf€eF, zeX

By Lemma 4.2.2(c) we get that for each f € F.,, there exists f € [, such
that

A

V(f,z)=V(f,x) :0]% Vo € X.

Hence
02 <of=ps(Ag) =V(f,2) Vf€Fe,z€X. m

4.4 Asymptotic normality

In this section we study asymptotic normality of MCPs in Borel spaces with
unbounded rewards. In [21], Mandl study the asymptotic normality for finite
state MCPs. Following Mandl’s approach it is possible to prove asymptotic
normality for MCPs in Borel spaces.

We show that for every canonical policy f* € F, satisfying Theorem
4.3.1, the asymptotic distribution of (S,(f*,x) — np*)/\/n for n — oo is
normal N(0,02). To do this we introduce the next assumption

Assumption 4.4.1 There exists a positive constant K3 such that

r(x,a)| < Ksv/W(z) V(zr,a) € K
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Remark 4.4.2 Assumption 4.4.1 implies Assumptions 2.1.1-(b) and 3.2.1
We shall begin with some preliminary results.

Lemma 4.4.3 Suppose that Assumptions 2.1.1, 2.1.2 and 4.4.1 hold. Let h},
be the function in Theorem 2.1.4-(iii). Then h is a VW -bounded function.

Proof. The proof is similar to the proof of Lemma 3.2.4.
The next lemma follows from the Cauchy-Schwartz inequality.

Lemma 4.4.4 Let v € B (X)) and define Rv as

Ru(z,a) = /Xv(y)Q(dy|x,a) V(z,a) € K.

Then Ruv is in B g47(X). Moreover, if v € B (X) then so is Rv.

Lemma 4.4.5 Suppose that the hypotheses of Theorem 2.4.3 and Assump-
tion 4.4.1 hold, and let hy be a function satisfying the AROE (2.4.5). Then
hy is in By (X)

Proof. This lemma is a direct consequence of Lemmas 2.3.1 and 4.4.3. =

Lemma 4.4.6 Suppose that the hypotheses of Theorem 4.3.1 and Assump-
tion 4.4.1 hold. Then the functions A(-,-) and hy are VW -bounded.

Proof. By Lemma 4.4.6 the function h; satisfying the AROE (2.4.5) is in
Bagp(X). Then h? is in B q(X). By Lemma 4.4.4 the functions

| wat) ad [ e
are v/IW-bounded, hence
Ao = [ et - | [ h1<y>@<dy|-,->]2

is v W-bounded.
Finally, by Lemma 4.2.2-(a) applied to the MCM

(X, A, {A*(z) : 2 € X},Q,C)

we have that hy is in B 5(X). =
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Theorem 4.4.7 Suppose that Assumptions 2.1.1, 2.1.2, 2.4.2 and 4.4.1 hold.
Let f* € Fe, be a canonical policy satisfying Theorem 4.53.1. Then for every

itial state x i} .

4.4.1
N (44.)
has asymptotically normal distribution N(0,02) as n — oo.
Proof. We define
n(.0) = [ m)QUyls.a) (o) +r(za) -
X
and
n(r.) = [ ha(0)Qylr.a) - ha(o) + Az ) — o?
X
for all (z,a) € K. We also introduce
iz, a) = / h(y)Qdylz, @) — hu(z) Vo€ X,0i=1,2,
X
Xn(u) = exp{iu(S,(f* x) —np")} forn=1,2,---;u€R,
XO(U) = 17
e1(z) = expfiz}—iz—1,
2
ea(2) = expfiz}+ % —iz— 1.
Observe that
(z,a) =1 (x,a) + r(z,a) — p*, (4.4.2)
and
mo(x,a) = Py(x,a) + Az, a) — o2 (4.4.3)
for all (z,a) € K.
To prove the theorem we have to verify
« 1
7}1_{210 Ef x, (%) = exp{—§a§u2}. (4.4.4)

Notice that ¥;(x,,, a,) is the conditional expectation of hy(x,,11) —hi(x.,)
given x,,, a,, for | = 1,2, that is,

wl('rﬂ“w am) = Eaj:* [hl(xm+1) - hl($m)’xma am]'
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This yields, with X, := xm(u), the following equations

0=iub! {”Zl X1 (T Q) — "Zl Xm <h1 (Tmt1) — hl(xm)>] (4.4.5)

and
u2 n—1 n—1
0= ?Ef {Z Xom <h2(xm+1) — hg(xm)) — Z XmW2(Tom, am)] . (4.4.6)
m=0 m=0
Furthermore, letting r := r(zy,,amn), €1 = € (u(r — p*)) and ey =
ot 7).
n—1
E;;C*Xn -1 = Ea];c* Z(Xm—f—l - Xm)
m=0
n—1
= EI Z [zu(r —p*) — %uQ(r — ")+ 62] Xm, (4.4.7)
m=0
n—1
—iwBL Y X (i) = h(n) ) =
m=0
n—1
B [ha(a0) =l () + 3 I (er) (Xorer =) | =
m=0
n—1
iuE!" [hl (o) — Xnh1(zn) + Z hy(Zm1) (zu(r —p)+ 61)Xm} . (4.4.8)
m=0
w2 e
EE:{ ;Xm <h2(xm+1) - h2(£m)> =
u2 i n—1 - .
_?Ex |:h2(l'0)—xnh2<.’lfn)+z hg($m+1)<exp{zu(r—p )}—1)Xm]. (4.4.9)

m=0
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Adding (4.4.5)-(4.4.9) and using (4.4.2)

n—1 n—1
ZU'E:{: [hl ([E()) - thl (xn) + Z XmT1 (Q?m, a'm) + Z 61h1 (xm—i-l)Xm}
m=0 m=0
U2

n—1
-5 B mzoxm{wz(wm, ) + 20 (i) (r — p*) + (1 — p*)Q}

n—1

u? : .
—?E:{f |:h2(.1'0) — Xnho(zn) + Z ho(Zps1) (exp{zu(r —p")} = 1)Xm]
m=0
n—1
+Ea]cc* Z €2Xm-
m=0
Hence
Ef x,—1=
U2 n—1
K" (n, u)—;Eif Z Xm{lpg(x,m am)+2h1(xm+1)(r—p*)+(r—p*)2} (4.4.10)
m=0
with
K"(n,u) =
n—1 n—1
ZUE%M |:h1 (xO) - thl ('rn) + Z XmT1 (Zima am) + Z €1h1 (Im+1)Xmi|
m=0 m=0
U2 n—1
— 5 BL [alwo) = xuha(@a) + 3 ha(amin) (expliu(r = )} = 1) x]
m=0
n—1
+EL Y eaxm (4.4.11)
m=0

Observing that

. y 2
s am) = EL 1@ ) ] = (B [ () 2, @]
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and in view of (4.4.3), we can express (4.4.10) as
Efxn—l =
2

n—1
u *
/-z”(n, U) — ?Eg]; Z Xm{o-i + Tz(l'm, am) - h%(xm-i-l)

m=0
(B (1) s ] + 7 n) = 07) | =

9 n—1
Uu *
R//<n7 u) - ?Eg]cc Z Xm{af + TZ(-Tma am) - h%(merl)
m=0

+(/X hi(y)Q(dylm; am) + 1 (@m, ) — p*)Q}

Since f* is a canonical policy, from Remark 4.1.2 we have

Ea]cc*Xn_l =
U2 n—1
KU(”?“) - EEJJ: Z Xm{gz + TQ(xma am) - h%($m+1) + h%(ajm)} =
m=0
wo? L u? T N
= '%”(7% U) - T*;Eg Xm — §E$f [hl(‘rO) - thl(xn)
n—1 n—1
£ X o ) + I W) (expliutr = )} = 1) xo]
m=0 m=0
Hence
. wlo? L
ElMxn=1-— T* W;Eg Xm + K (n,u) (4.4.12)
with
u? . A
K (nw) = ' (n,u) = S BL [W(w0) = xah () + > XTalwms )

m=0

n—1

+ Z h3(Tpi1) (exp{iu(r —pN)} = 1)Xm] . (4.4.13)

m=0
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Let us rewrite (4.4.12) as

2, 2 n—1
B X =1+ (exp{="52} = 1) D B X + (n,0) (4.4.14)
m=0

with
u?o?
2

k(n,u) = k'(n,u) + [1 — } Z ET X (4.4.15)

From (4.4.14), an induction argument gives

n02u2

BY xa(u) = exp{—"Z" 1+

SPSEEE

Observe that the proof of the limit (4.4.4) and consequently this theorem
follows from (4.4.16) if we show

l\D

*

—-1- m)}fﬁ(m, u)+k(n,u). (4.4.16)

u
max. |k(m \/ﬁ)| —0 as n— oo. (4.4.17)
This relation is obtained by an inspection of the differents terms of x(m, u//n):
(i) Since f* is a canonical policy satisfying Theorem 4.3.1, we have 71 (2, a,,,) =
0 for m=0,1,--- in (4.4.11). Similarly, (2, a,,) = 0 in (4.4.13).
(ii) By (2.1.1) we have that

. 1
7}1_{20 TE:{f h(z,) =0 and nll_{go nEf h(x,) =0
for every h in By /(X). This limit appears in (4.4.11) and (4.4.13) when we

replace u by u/+/n.
(iii) In this part we prove the limit

n—1

Jim =L 3 i) = 0

see (4.4.11).
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From the fact |e;(z)] < 2?/2 for all z in R, we obtain

‘1 n—1 n—1 o

* * u *
= ;Oelwmmxm\ < 5P > (e a) = o)

= 5.7 f*ZI / I (dylm, £ @) (m, £ () = 7).

By Lemma 4.4.5, h; is v'W-bounded, in particular h; is w-bounded. Hence,
by Lemma 4.4.4, the function [y hi(y)Q(dy|z, f*(z)) is w-bounded. On the
other hand, by Assumption 4.4.1 (r(z, f*(x)) — p*)? is w-bounded. Therefore

n—1

I I
‘TE Zelhl(:ﬂmﬂ)xm‘ <3, 3/2E ZW (Tm)

where C” is a constant depending on hy and r. By (2.1.1) we obtain

- C'u? v(W)
I ) N
‘ E elhl(xm-‘rl)Xm‘ m 3/2 <)‘W( ) (1 . )\)I/(X))
which converges to zero as n — oo.
(iv) We shall next prove

n—1
]. *
lim —E7 m = 0.
i L S
This limit appears in (4.4.11) when we replace u by u/\/n.
Notice that |es(2)] < |2]2/6 for all z in R. So, by Assumptions 2.1.1-(a)
and 4.4.1, together with (2.1.1),

n—1 n—1
1 * | | * *
L Y] S Gl 3 e £ ) =
m=0
k3 uf? *" :
f 3/4
Bu . e~
f

k3 Jul® v(W)
G (AW )+ (1—)\)V(X)>
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which converges to zero as n — oo, with k£ and k&’ some constants.
(v) Let h be in B,,(X). Then

Tim. TllEf Z h( rcmﬂ)(exp{ZT(T —p)} - 1>Xm = 0.

This limit appears in (4.4.11) and (4.4.13) when w is replaced by u/+/n.
It follows from the relation e;(z) = exp{iz} — iz — 1 that

u u

exp{z’%v —Ph == ) el(%@a — ).

So

n—1

EL S baen) (el = )} = L)l <

(1 I 1 e

L S s ) = )1+ 225 il
m=0 m=0

This gives the desired conclusion by similar arguments to those in (iii).

(vi) The absolute value of the expression within brackets in (4.4.15) is
majorized by olu*/8, then the corresponding term in k(n, u/1/n) is majorized
by olut/8n?.

The statements (i)-(vi) imply (4.4.17) and consequently prove the theorem.

Concluding remarks. Our motivation for this chapter was to ex-
tend, under our fixed-point approach, the results concerning the variance-
minimization problem studied by Hernédndez-Lerma, Vega-Amaya and Car-
rasco [18].

The minimization of variance is motivated by the fact that among the
optimal policies for which the control problem is solved, those with minimal
variance are preferable. This situation is verified because these policies imply
asymptotic normality. Furthermore, the examples in Chapter 6 show that our
assumptions to solve the variance-minimization problem are indeed verifiable.



Chapter 5

Constrained MCPs

The problem we are concerned with in this chapter is to maximize a long-run
sample-path (or pathwise) average reward for the given discrete-time MCM,
subject to constraints on a given finite number of long-run pathwise average
costs. To this end, we give conditions for the existence of optimal policies
for the problem with expected constraints (see Theorem 5.3.1). Moreover, in
Theorem 5.4.1 we can show that the expected case can be solved by means of
a parametric family of AROEs. Finally, we extend the results in the former
steps to our problem with pathwise constraints (see Theorem 5.5.2).

For finite state MCPs, we should mention the article by Haviv [12], and
the works by Ross and Varadarajan [26, 27]. For MCPs on Borel spaces
we only know the recent work by Vega-Amaya [31]. The article by Haviv
shows, by means of examples, that pathwise constraints are in general, more
“natural” than expected constraints and because MCPs with constraints on
the expected state-action frequencies can lead to optimal policies that do not
satisfy certain principles of optimality (as Bellman’s principle). In contrast,
the model with pathwise constraints leads to feasible optimal policies which
satisfy these principles.

The article by Vega-Amaya [31] shows, under appropiate assumptions
such as positive Harris recurrence, that there exists a randomized stationary
policy and an initial distribution that solve the constrained expected average
cost. Such a policy also minimizes the sample path average costs for every
initial distribution measure. These results are used to solve control problems
with constraints on the state occupation measures.

As can be seen in the paper by Prieto-Rumeau and Hernandez-Lerma [24],
previous attempts have been made to solve this problem for continuous-time

52



CHAPTER 5. CONSTRAINED MCPS 93

denumerable-state controlled Markov chains. We extend the results obtained
in this work to the discrete-time MCM.

5.1 Expected constraints

Fix numbers 6y, ---,6, in R, and measurable functions ¢4, - - -, ¢, in By (K)
interpreted as cost-per-stage functions. Now, we are concerned with the
maximization, for every initial state x € X, of

n—1

1
J(m,x) :=liminf —E7 Z r(zk, ar)
[
over the set of all control policies II that satisfy the constraints
1 n—1
Ji s =1 —-E7 4 y <91 V':1,~~~, .
(7, ) := lim sup B %c (g, ap) < i q

In short, our problem is

maximize J(m, x)
(5.1.1)
subject to: mell and Ji(mz) <6, VeeXi=1,---,q. (5.1.2)

Observe that J(m, ) is defined as a “lim inf” whereas J;(m,x) is a “lim
sup”. This is because the function r is interpreted as a reward-per-stage
function, and the functions ¢; as cost-per-stage functions.

Definition 5.1.1 A policy m € 11 is said to be feasible for the constrained
problem (CP) (5.1.1)-(5.1.2) if it satisfies the constraints in (5.1.2), that is,
Ji(m,x) < 60; for all x in X, 1 = 1,---,q. Moreover, a feasible policy 7 is
called optimal for (5.1.1)-(5.1.2) if J(m,x) < J(7*,x) for every feasible .

Let ® .45 be the class of feasible randomized stationary policies, i.e.,
Preas ={p € ®: Ji(p,x) <0, VrxeX,i=1---,q}.

Henceforth V*(6y,---,6,, x) will designate the optimal value function of
(5.1.1)-(5.1.2) on the set of randomized stationary policies ®, that is,

V*(01,---,04,7):= sup J(p, ), (5.1.3)

Weq)feas
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for every x € X. Moreover, under the assumptions of Theorem 2.4.3, for
1=1,---,q, we can define

ped ped

O min = min/ Cio(Y)y(dy) and 0 mep = max/ Cip(Y) o (dy),
X X

which are finite numbers. To avoid trivial situations, we will assume that the
constants 6; in (5.1.2) verify that

ei,min < 01 < ei,maz Vi = 17 (. (514)

Now let W be as in Assumption 2.1.1, and w := vW. We denote by
P, (K) the set of all Borel probability measure p on K such that

/K w(y)u(d(y, a)) < oo.

Finally, for each ¢ € ®, we define fi, € P,(K) as follows

fi,(B x C) = /Bcp(C'|x)uw(da:) VB € B(X),C € B(A); (5.1.5)

where f1, is the unique invariant probability measure for the transition kernel
Q,(-|-). By (2.2.16) we can see that

[ wwind.0) = [ vl < .
We denote by I' the set of all these measures fi,, i.e.,
I'i={p,: e ®} CP,(K). (5.1.6)

Let By(X) be the set of bounded measurable functions on X. We shall
denote by R the operator defined for each v in By(X) as

(Rv)(x,a) ::/ v(y)Q(dy|z,a) —v(z) ¥Y(z,a) € K. (5.1.7)
X
Following [22], we will refer to R as a drift operator.
The study of the general properties of the measures in I' is based on the
following Lemma 5.1.2:
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Lemma 5.1.2 Consider a probability measure fi in P, (K). A necessary and
sufficient condition for i to be in I is that

/ Rvdii =0 for every v € By(X). (5.1.8)
K

Proof. (Necessity.) Fix i € I" and v € B,(X). By (5.1.6), there exist ¢ € @
such that i = fi,. We have

[ roaic = [ | [ oo ot
= [ | [ seutasie) v uta) 19

Since i, is an invariant probability measure for the transition kernel Q,(-|-),
we obtain

which proves (5.1.8).

(Sufficiency.) Suppose now that (5.1.8) holds for some g € P,(K).
Therefore, by a standard result on the disintegration of measures [14, Propo-
sition D.8], there exists ¢ € ® such that ji can be “disintegrated” as

i(B x C) = / o(Cl2)ji(dz) VB € B(X),C € B(A), (5.1.10)

B

where [i(B) := i(B x A) for all B € B(X) is the marginal (or projection) of
fon X. Letting v(-) = 15(+), with B in B(X) and by a similar procedure as
in (5.1.9), we obtain

0 = /K Rudj
= [ | swutasie) - o) ntaz)
= | [@oB1a) = 1ot o)
e, [ Qu(Bla)ii(dx) = fi(B) for every B € B(X). Thus ji is an invariant

probability measure for the kernel Q,(-|-). By uniqueness of the i.p.m. (see
Theorem 2.1.4(i)), ft = p, and hence, i = fi, as we wanted to prove. m
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5.2 Technical preliminaries

Assumption 5.2.1 (a) Q(:|-,-) is strongly continuous on K, that is, the
mapping

@a) - [ o)Qyle.a)
X
15 continuous on K for every measurable bounded function v on X.

(b) The cost functions ¢;(+,-) € By (K) are nonnegative (or bounded below)
and lower semicontinuous (l.s.c.).

(c) r(-,-) is u.s.c. on K.

(d) Let W be as in Assumption 2.1.1. The function w = VW, seen as a
function (x,a) — w(x) on K, is continuous. Moreover, w is a moment
function on K, that is, there exists a nondecreasing sequence of compact
sets K,, T K such that

lim inf{w(x) : (x,a) ¢ K,} = c©.
(e) The state space X and the control set A are separable and metrizable

spaces. In particular, the set K of feasible state-actions pairs, is sepa-
rable and metrizable.

Notice that Assumption 5.2.1(a) implies Assumption 2.4.2(c), and As-
sumption 5.2.1(c) implies Assumption 2.4.2(b).

Under Assumptions 5.2.1(d)-(e), throughout the remainder of this chap-
ter, we consider the w-weak topology on P, (K), i.e., the smallest topology

for which the mapping
jir [ odi
K

on P,(K) is continuous for every v € C,(K), where C,(K) is the linear
subspace of B, (K) that consists of the continuous functions on K.

Lemma 5.2.2 Under Assumptions 2.1.1-(a), 2.1.2, 5.2.1-(a) and 5.2.1-(d),
the set I' is convex and compact in the w-weak topology. Let 0y,---,0, be as
in (5.1.4). Then the set

I:= {ﬂGF:/cidﬂSHi fori=1,---,q} C Pu(K) (5.2.1)
K
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is a convexr and closed (with respect to the w-weak topology) subset of T'. In
particular, I is compact.

Proof. The convexity property follows directly from Lemma 5.1.2, because
any convex combination of measures in I' lies in T'.

To prove that I' is compact we will first show that I' is closed in the
w-weak topology. Let us consider a sequence {fi,,} in I' that converges to
i € Pu(K) in the w-weak topology. We need to show that 4 € I'. From
Lemma 5.1.2 we have

/ Rvdji,, =0 for every v € By(X),n € N.
K

Moreover, by the Assumption 5.2.1(a), if v is a continuous bounded function
on X, then (z,a) — (Rv)(z,a) = [y v(y)Q(dy|z,a) — v(z) is a continuous
bounded function on K. This implies

/ Rudii=0 Yve Cy(X),
K

where Cp(X) is the linear space of all bounded continuous functions on X.
On the other hand, by the argument leading to (5.1.10), there exists ¢ € ®
such that

(B x C) = / S(Cl2)iilde) VB € B(X),C € B(A),

B

where [ is the marginal of /i on X. Combining these facts, we have

0 = /Rvdﬂ (5.2.2)
K

_ /X [ /X o(y)Q, (dylz) — v(x) | ildz) Vo € Cy(X).

Now consider an arbitrary closed subset F' of the metric space X. Then
there exists a sequence {v,, } of continuous bounded functions on X such that
0<wv, <1and

lim v,(x) = 1p(z) VreX.

Taking v = v, in (5.2.2) and using Lebesgue’s dominated convergence theo-
rem we obtain

| [@otF1a) = 166 tan) =
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Equivalently,
a(F) = / Qu(F|z)fi(dz)  for every closed subset F' C X,
X

and
a(G) = / Q. (G|z)fi(dz)  for every open subset G C X.
X

Because every finite Borel measure on the metric space X is regular (see,
for instance, [5, Theorem 7.1.3]), for each B € B(X) and for any closed subset
I C B, and for any open subset G such that B C G:

A(F) = /X Qu(Fla)fi(dz) < /X Qu(Ble)fi(dz) < /X Qu(Gla)fi(dz) = ().

This yields, by the regularity of f,

AB)= sup A(F) < /X Qu(Blo)i(de) < _inf  [i(G) = j(B);

FCB closed " BCG open

a(B) = / Q. (B|z)i(dz) for every Borel subset B C X.
X

Thus f is the unique invariant probability measure for Q,(:|-), i.e., fi = i,
and so [t = fi, in I'. In conclusion, I' is closed.

To prove compactness, it suffices to show that I' is relatively compact
in the w-weak topology. By (2.2.16) and the fact w(z) < W (z)/v8 for all

r € X, we have
R v(W)
sup/ wdfi = sup/ wdpt, < < Q. 5.2.3
per Jk ped JX v ((X) - V) (1= \) ( )

On the other hand, from Assumption 5.2.1(d), there exists a nondecreasing
sequence of compact sets K,, T K such that

7}1_{{)10 inf{w(x) : (z,a) ¢ K, } = .

Define w,, := inf{w(z) : (z,a) ¢ K,}, then by (2.2.16) again

" / wdji, < / wdji, = / W,
K¢ K X

v(W)

< — .
S U= A for all p € ®
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This inequality implies that for each € > 0 there exists a compact subset K
of K such that

sup/ wdji < €. (5.2.4)
ael J e
By (5.2.3), (5.2.4), and Prohorov’s theorem (see, for instance, [8, Appendix
A.5]), we conclude that I' is relatively compact in the w-weak topology.
Therefore, since in addition I' is closed, it is compact.

It only remains to prove the compactness of I. Actually, we only have
to prove that [ is sequentially closed. Let {/i,,} be a sequence in I that
converges to a measure /i € P, (K) with respect to the w-weak topology. By
the arguments above,we know that £ is in I'. Because Cy(K) C Cy(K), we
also have that {/i,, } converges weakly to fi. Therefore, since ¢;, i =1,---,q,
is bounded below and l.s.c. (see [14, Appendix E.2])

n—oo

/cidﬂgliminf/cidﬂ% <@, fori=1,---,q.
K K

Thus /2 is in I, and so [ is a compact set in P, (K) provided with the w-weak
topology. m

Notation. Let 0 := (61,---,0y), Omin := (O1,min, - -+ Ogmin), and Opgy =
(01 mazs > Ogmaz)- We define

[emina emax] = [el,minv el,max] X X [eq,miny eq,max] C RY.
Moreover, if 6,6 € R?, then # < 6’ means that

and 0 << 0’ means
0; <0, Yi=1,---,q.

Recall that a real-valued function V' on RY is nondecreasing if:
V0,60 € R? such that § < ¢, we have V(0) < V().

MCPs with expected constraints. Our next result is a direct conse-
quence of the convexity of I' (Lemma 5.2.2), and it is stated without proof.

Lemma 5.2.3 The function
0— V(0):= sup{/rdﬂ:ﬂe F,/cidﬂg 0;, for i = 1,---,q} (5.2.5)
K K

is concave and nondecreasing on [Omin, Omaz] C R
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Remark 5.2.4 Note that for each p € ®

n—1

o1 .
O I 1) SURCA R (LR e

k=0
1 n—1
Jz(@wr) = TLII_)HSOEE;PZCZ@(Q;IC):/ Citpduwz/cidﬁ'(pv
k=0 X K

fori=1,---,q and all x € X. Comparing (5.2.5) and (5.1.3) above, we
have

V(0) = V*(0,2) VreX, (5.2.6)

for all 0,,;, << 0 << 0,42

Lemma 5.2.5 Under Assumptions 2.1.1, 2.1.2, 3.2.1 and 5.2.1, the map-
ping
= / rdp € R
K
on Py(K) is u.s.c. on Py,(K) with respect to the w-weak topology.

Proof. First, we prove that if g : K — R is bounded below and l.s.c., then

the mapping
g: i | gdi
K

is Ls.c. on P,(K). Indeed, without loss of generality, suppose that g is a
nonnegative Ls.c. function. Let {/i,} and i probability measures in P, (K)
such that {j,} converges w-weakly to fi. Because Cy(K) C Cy(K), then
{fin} converges weakly to fi. From a well-known result (see [14, Appendix

E.2]), we obtain
liminf/ gdfl, > / gdjl.

liminf G(f,) > G(f).

n—oo

That is

This means that the mapping G is l.s.c. with respect to the w-weak topology
on P, (K).
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On the other hand, by the Assumptions 3.2.1 and 5.2.1, the function
g(x,a) := Kiw(x) —r(z,a) is a nonnegative l.s.c. function on K, with K} :=
v K. From the previous paragraph, the mapping

ﬂH/(KQw—r)dﬂ:Ké/wdﬂ—/rdﬂ
K K K

is L.s.c. and finite-valued on P, (K). Since w € Cy,(K), the mapping
jiro K5 [ wdi
K

on P,(K) is L.s.c. Because the addition of two l.s.c. functions is also Ls.c.,
we obtain that the mapping
i [ rdi
K

on P,(K) is Ls.c., and therefore

[u—>/7"dﬂ
K

is u.s.c. on P, (K). m

5.3 Optimal policies

The following theorem states the existence of an optimal policy for the con-
strained problem (5.1.1)-(5.1.2). Furthermore, it establishes the existence of
a solution to the average reward optimality equation (AROE) (5.3.2).

Optimal policies for the CP (5.1.1)-(5.1.2) satisfying the AROE (5.3.1),
are called constrained canonical policies (ccp).

Theorem 5.3.1 Suppose that Assumptions 2.1.1, 2.1.2, 2.4.2, 3.2.1 and
5.2.1 are satisfied. Let 0y = (01,---,0,) be such that 0, << 0y << Omaz.
Then:

(i) The value function V*(0y,x) does not depend on x € X and V(b)) =
V*(0o) = V* (0o, x), with V(6y) as in (5.2.5).
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(ii) There exist Ag = (Ao1, -+, Xog) < 0 and h € By (X) such that the AROE

V*(6o) + h(z) = sup [r(m, a) + i Aoi (ci(x, a) — 91»)

a€A(x)

+/Xh(y)Q(dy|x,a)} (5.3.1)

holds for every x € X. If in addition, ¢; is in By(X) fori=1,---,q, then
the function h belongs to By, (X).

(iii) There exists an optimal randomized stationary policy ¢* € ® for the
constrained problem (5.1.1)-(5.1.2) that attains the mazximum in the right-
side of (5.3.1), i.e.,

V*(00) + h(x) = ry«(x) + Z Aoi (cw* (x) — 0¢> + /x h(y)Qu+(dy|x) (5.3.2)
i=1
for all x € X. Moreover, if

0= (/ Cldﬂw’ o ’/ quﬂ@*> = (J1<90*7x)7 T JQ(SO*vx))v
K K
the following “orthogonality” property is satisfied
(0 — o) - Ao = 0; (5.3.3)

114

where 7 denotes the usual scalar product in R,

Proof. Proof of (i). This part follows from Remark 5.2.4.

Proof of (ii). By Lemma 5.2.3, the function V', defined on the ¢-dimensional
closed bounded interval [0, Omaz), I8 concave and nondecreasing. Note that
for every i € I' and if we define

6::(/cld/l,~-,/chﬂ)E/Ed/l and C::/Tdﬂ,
K K K K

then the point (6, () belongs to the hypograph of V.
Let Ag := (Ao1, - -+, Aog) With Ag < 0, be a vector in € R? such that —A,
is a superdifferential of V' at 6y (see, for instance, [6, Chapter 1]). Then

CH(0—00)- Ao < V(O)+ (0 — o) - Ao < V(6y)
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In particular, letting ¢ := (c1,-- -, ¢,),

/ <7‘ +(@—0y) - A0>dﬂ < V() Viel.
K

Thus
Sup/ (r 4 (@—0p) - A0> dji < V(6).
K

per
By the definition(5.2.1) of I and the fact that [ [(€— 6) - Ao]dji > 0 for all
it € I, we obtain

V(b)) = sup/ rdi < sup/ (r +(¢—6p) - A0> dip < V().
K K

pel per
Hence
Vion) =sup [ (r+ (@ 00) - o) die (5.3.4)
per JK

The expression (5.3.4) tells us that V(6p) is the optimal value of an expected
average reward MCP with reward-per-stage function in By (K) given by

7’+(E—90)'A0,

and which satisfies the assumptions of Theorem 2.4.3. Hence, there exists a
function h € By (X) such that (V(6),h) is a solution of the corresponding
AROE, i.e.,

h(z) + V(6o) =

sup [T(I7a)+i>\m<ci(%a)—9i> +/Xh(y)Q(dy|I,a) (5.3.5)

acA(z)

for every x € X.

If in addition ¢; € B,(X) for ¢ = 1,---,¢, from Lemma 4.2.2, we have
that h € B, (X). This completes the proof of statement (ii).

Proof of (iii). We know from part (ii) and from Theorem 2.4.3 that there
exists a stationary deterministic policy f € I such that

h(z)+ V() = sup [T(m, a) + zq: Aoi (Cz‘(% a) — 61’) + /X h(y)Q(dylz, a)]

a€A(x)

= Tf(ZL’) + Z)\()Z <Cif(.%‘) — 92) + /Xh(y)Qf(dmx) Vr € X.
- (5.3.6)



CHAPTER 5. CONSTRAINED MCPS 64

On the other hand, note that

V(b)) = sup/ rdj.
pel JK
Because the mapping i +— fK rdj is u.s.c. on P, (K) with respect to the
w-weak topology (Lemma 5.2.5), the maximum is attained on the compact
set I (Lemma 5.2.2). Thus, there exists ¢ € ® such that

/ cdi, <0; Vi=1---,q, and V(b)) = / rdfi,. (5.3.7)
K K

We claim that ¢ is an optimal policy for the constrained problem (5.1.1)-
(5.1.2) with V(6y) as its optimal value. To do this we will prove that for
every feasible policy m € II for the constrained problem (5.1.1)-(5.1.2) we

have
V(0o) > J(m,x) > J(m,z). (5.3.8)

From the AROE (5.3.5), we have

h(z)+V(0y) — Z)\Oz<cl T, a) 9~> > r(z,a) + /Xh(y)Q(dy|x,a),

for every feasible action-pair (z,a) € K. Iteration of this inequality (as in
the proof of Lemma 2.5.2) yields

-1 n—1
Z xr) +nV (6y) — Z Aoi <E§ZCZ Tp, Q) n91>
s k=0
n—1 n
>ET Y r(xg,ap) + EL Z h(xy),
k=0 k=1
or equivalently
1 1 ! 1
~h(x) =~ ETh(wa) + V(60) - ; Noi (- E; >l - )
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By (2.1.2) in Remark 2.1.3, and the fact that A\o; < 0 for i =1,---, g, taking
the lim sup in both sides of the latter inequality, we have

_ ix\m(]i(ﬂ',x) — 9i> > J(m,z),

that is

V() > J(m,x) + Z )\OZ< 9) (5.3.9)

Since 7 € II is a feasible policy for the constrained problem (5.1.1)-(5.1.2),

then .
; Aoi (Ji(ﬂ-v'r> - 9i> >0,

because Ag; < 0. Thus (5.3.9) gives (5.3.8).

It follows that the randomized stationary policy ¢ satisfying (5.3.7) is an
optimal policy for the constrained problem (5.1.1)-(5.1.2) with V() as its
optimal value.

On the other hand, observe that

/K[(c 0o) - Nodji, = /[ZAOZ(C,M 9')}ﬂ¢(d(x,a)):0. (5.3.10)
By the definition of h € By/(X) in (5.3.5), we get:

@) +V(00) 2 role +2Am(% ~6)+ [ Mu)Qulayla). (5310
for all z in X. From (5.3.10),
[ [+ v = ro - ZA (cio) =) = [ )Qutayla)] ()

_ _/K{gm(c@(x,@—ei)]ﬂw(d(x,a»

= 0.
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By (5.3.11) there exists a Borel subset N € B(X) such that p,(/N) =0 and

h(z)+ V() = ry(z) + Z Aoi (cw(x) - 9i> + /X h(y)Qy(dylz) (5.3.12)

for all x € N =X\ N. We define the new policy
O (-|z) == In(2)052)(-) + Ine(2)p(|z) V2 e X, (5.3.13)

where d¢(;)(+) is the Dirac measure concentrated at f(z). It follows that
©*(:|x) = ¢(:|z) py — a.e. Notice that

o (o) = p(le) and Qu(lr) = Qu(fz) Yo e X\N.  (53.14)

Therefore
Lo = [ (5.3.15)

In fact, if u(-) is a bounded measurable function on K, then u,«(x) = u,(x)
for all x € X'\ N. Consequently, we have

/udﬂw*:/uwdu@*:/u@duwz/ud,&@ Vu € Bi(K).
K X X K

[l = - (5.3.16)

This equality of measures, gives us that ¢* € ® as defined in (5.3.13) is
an optimal policy for the constrained problem (5.1.1)-(5.1.2). Moreover, by
(5.3.10) and (5.3.16), ¢* satisfies

Thus

/K (@ 60) - AgJdji,e = 0.

Finally, we need to prove that

h(z)+V(6) = sup [T(l', a) + zq: Aoi (Cz‘(% a) — Qi) + /X h(y)Q(dylz, a)]

a€A(x)

= @)+ 3 Ao )~ 0) 4 [ Qe

(5.3.17)
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for all x € X. Let us take z € X. If x € N, we have ¢*(-|z) = ) (-). By
(5.3.6),

hz)+ V(b)) = ri(z)+ z::)\m(cif(x) ~6) + /Xh(y)Qf(dy|:z:)
= () + ixm (cw* (z) — ei) + /X h(y) Qo (dy|).
It 2 € X\ N, by (5.3.14) we have ¢*(-/z) = ¢(|z) and, by (5.3.12),
V) = o)+ Y (le) =) + )l

= @)+ 3 Ao )~ 00) 4 [ Qe ),

This complete the proof of (5.3.17). m

5.4 A parametric family of AROEs

Theorem 5.3.1 shows that the constrained control problem (5.1.1)-(5.1.2) in-
duces a non-constrained problem depending on a g-vector Ag € R? such that
Ao < 0. However, Ay is unknown and its value is obtained from the func-
tion V', which is precisely the function that we want to determine. The next
theorem shows that the constrained problem (5.1.1)-(5.1.2) can be solved by
means of a parametric family of AROEs.

Theorem 5.4.1 Suppose that the same hypotheses as in Theorem 5.3.1 are
satisfied, and consider the CP (5.1.1)-(5.1.2). For each g-vector A < 0, let
(p(A), hy) € R x By (X) be a solution to the AROE

ha()+o(4) = sup [r(o.a) (el —00):A+ | an)@ldyls.o)] (4.1
ac€A(x) X

for every x € X, where c(z,a) = (c1(x,a), -, cq(x,a)). Then

V(b)) = V*(0y) = I/{lgl%l p(A). (5.4.2)
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Proof. From the proof of Theorem 5.3.1, there exists an optimal policy
©* € @ for the constrained control problem (5.1.1)-(5.1.2) such that V' (6y) =
Ji rdfi-, with V(6y) as in (5.2.5). Notice that for each g-vector A <0

vw@::/ﬁﬂgwf;/fr+(5—e@.Augw.
K K

By (5.4.1), for all z € X we have

ha(@) + p(A) = 7o+ () + (Cpr (2) — 00) - A + /X ha(y) Qg (dy|)

Integrating both sides of this inequality with respect to the i.p.m. pi,-

p(A) > /X e (2) + (@ (2) — B0) - Alprge (d)
_ /V+@—%yM@wzv%)VA§0

Therefore
inf p(A) > V(). (5.4.3)

A<0

By the AROE (5.4.1) again, with A = Ay as in Theorem 5.3.1, and by
Theorem 2.4.3(i), there exists f € F such that

hao(x) + p(Ao) = sup T($7G)+(5(9€7a)—90)'/\0+/hAo(y)Q(dyma)
ac€A(x) X

(@) + (@) — o) - Ao + /X haa ()@ (dyl2)

for all x € X. Let us consider h € By (X) as in the optimality equation in
Theorem 5.3.1(ii), i.e.,

) + V7 (00) = sup [r(o.a) + (@) — 00)- Ao+ [ hl)Qldylr.o
acA(x) X

for all x € X. This implies

) + V" (60) 2 ry(0) + (E(2) ~ 60) - Ao+ [ hl)@(dy),

X
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and so

(h(x) = hay(2)) + (V(6o) — p(Ao)) = / [1(y) = hao (9)] Qs (dyl)

X

for all € X. Integrating both sides by the i.p.m. s, we have
V(bo) = V*(6o) = p(Ao)

Comparing with inequality (5.4.3), we obtain the result desired (5.4.2) m

5.5 Existence of pathwise constrained opti-
mal policies

MCPs with pathwise constraints. With the notation above, and recall-
ing Definition 3.1.1, we want to maximize (with probability one) the pathwise
average reward

S(m,z) = liminf lSn(ﬁ, x)

n—oo M

over the set of all policies 7 € II satisfying that

1

Si(m,x) =limsup —S; (7w, z) <60, fori=1,---,q, P —a.s.
n—oo n

with S, (7, ) == S p—g Er[ci(zr, a)|hy] for n = 1,2,--- i = 1,---,¢. In

short, we will write

maximize S(7, z) (5.5.1)
subject to: w €Il and S;(mz) <6, VreX,i=1---,q. (5.5.2)

Definition 5.5.1 We say that a policy ¢* € ® such that g;(¢*) 1= iy (Cipr) <
0; for i =1,---,q, is optimal for the pathwise CP (5.5.1)-(5.5.2) if for each
x € X and every m € 11 such that S;(mw,z) < 0; for i =1,---,q, PT — a.s.,
we have

S(m,x) < g(@") = pe(re+) Py —a.s.
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By Theorem 5.3.1, we know that there exists an optimal (randomized) sta-
tionary policy for the “expected constrained problem” (5.1.1)-(5.1.2), which
will be denoted by ¢* € ®. Thus, we have

g(p*) = / rdfi- = V*(6p) and g¢;(¢*) = / cidfipe < ;. (5.5.3)
K K
The following theorem proves that this optimal policy ¢* is also optimal for

(5.5.1)-(5.5.2).

Theorem 5.5.2 Suppose that Assumptions 2.1.1, 2.1.2, 2.4.2, 3.2.1 and
5.2.1 hold. Moreover, suppose that the cost functions ¢; belong to B, (X),
where w(x) = /W (x) for all x € X. If * € ® is an optimal policy for the
(expected) CP (5.1.1)-(5.1.2), then ¢* is also optimal for the pathwise CP
(5.5.1)-(5.5.2).

Proof. Consider ¢* as in (5.5.3), that is, an optimal policy for the con-
strained problem (5.1.1)-(5.1.2). Let Ag be as in Theorem 5.3.1 and fix an
initial state x € X and an arbitrary randomized policy m € II. Define

r(z,a) :==r(z,a) + (c(z,a) — by) - Ay V(z,a) € K.
From Theorem 5.3.1(ii), there exists h € B,,(X) such that

V*(6y) > r(x,a) + /X h(y)Q(dy|z,a) — h(z) Y(z,a) € K.

Therefore, for every k =0,1, -,

V*(B) > Tl ar) + /X W) Q(dy|ze ar) — h(zy)
= 7(x, ar) + L7 [h(@pg) | i, ar) — h(xr)

with hy the admissible history up to time k. Taking conditional expectations
with respect to hy, we have

Vi(o) = EF[r(ee, ar)lhe] + ET M) [hi] — h(xr)
= EI[r(xk, ap)|he] + L7h(zy) P — a.s.

with L™h(xy) as in Lemma 3.2.6. Hence, for each n =1,2,---,

1 a 1 1
* > (=9, — 0. - ™ T a.S.
V¥(00) = —Salm, ) + ;:1 Aoz(nSz,n(mfc) GZ) + - kE_OL h(xy) PP —a.s
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Taking the limit as n — oo, and taking into account the limit given by
Lemma 3.2.6, together with the fact that A\o; <0,

n—oo n

_;q;AOi(Sm,x) ~6;) > limsup [15n<m)+% L7h(x)|

1
> liminf —S, (7, ) + lim — ZL’T xy)

n—oo M n—oo M

= S(mz) Pl —a.s.

That is

V*(6y) > S(m,z) + Z)‘OZ< T, ) — ‘91‘) PT —a.s. (5.5.4)

=1

for all # € X and each = € II. If 7 verifies S;(m,z) < 6, P — a.s., and
recalling that Ay <0, then S(m,z) < V*(0y) PI — a.s., which together with
(5.5.3) completes the proof. m

Concluding remarks. In this chapter we have studied pathwise average
reward discrete-time MCM with pathwise constraints on Borel spaces. Under
suitable assumptions we have shown the existence of optimal policies. To this
end, we give conditions for the existence of optimal policies for the problem
with expected constraints. In addition, we have shown that the expected
problem can be solve by means of a parametric family of AROEs. Further-
more, the examples in Chapter 6 show that our assumptions are satisfied
with no special degree of difficulty.

An open question is whether our results here can be extended for more
general MCMs (no necessarily under our fixed point approach). A second
open question is the minimization of variance for the pathwise constrained
problem, that is, we would like to prove the existence, within the class of
stationary optimal policies for the pathwise CP, of one with minimal limiting
average variance. Another question is to find approximation schemes where
the optimum value as well as the optimal policy can be approximated for the
problem with pathwise constraints.



Chapter 6

Examples

6.1 Introduction

In this chapter we illustrate the results in Theorems 5.3.1, 5.4.1 and 5.5.2.
We consider an X-valued controlled processes {z;} of the form

Ti4+1 :F($t,at,2t), tZO,l,---, (6].].)
and we always suppose the following:

Assumption 6.1.1

(a) The disturbance sequence {z} in (6.1.1) consists of independent and iden-
tically distributed (i.i.d.) random variables with values in a Borel space Z,
and {z:} is independent of the initial state xq. The common distribution of
the z; is denoted by G.

(b) F:Kx Z — X is a given measurable function, where K C X x A is the
set defined in (1.3.1).

Let 7 be an arbitrary control policy. By Assumption 6.1.1(a), the vari-
ables (x¢, a;) and z; are independent for each t = 0,1, ---. Then the transition
law @ is given by

Q(B|z,a) = Prob(z;11 € Blzy = x,a; = a)
= /ZlB[F(JE,a, 2)|G(dz) (6.1.2)

72
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for every B € B(X),(z,a) € K, and t = 0,1,---. Moreover, for every
bounded measurable function u on X, we have

u'(z,a) = /Xu(dy)Q(dyLE, a) = Elu(xiq)|xy = z,as = ]

_ /Z u[F(z, a, 2)|G(d). (6.1.3)

6.2 A LQ system

In this section we present a Linear-Quadratic system that satisfies all the
hypotheses of Theorems 5.3.1, 5.4.1 and 5.5.2, that is, Assumptions 2.1.1,
2.1.2,24.2, 3.2.1 and 5.2.1.

Consider the linear system

Ty = kiwy + keay + 2, ©=0,1,---, (6.2.1)

with state space X := R and positive coefficients ki, k. The control set is
A =R, and the set of admisible controls in each state x is the interval

The disturbance z; in (6.2.1) consists of i.i.d. random variables with values
in Z := R, and with zero mean and finite variance, that is,

E(z)=0 and o?:= E(2?) < oo. (6.2.3)

To complete the description of our constrained control model we introduce
the quadratic reward-per-stage function

r(z,a) = B — (rz® + ma®) V(z,a) €K, (6.2.4)
with positive coefficients B, ry, and ry, and the cost-per-stage function
c(r,a) == c12° + ca® V(z,a) €K, (6.2.5)
with positive coefficients ¢, co. We also define

W(x) :=exp[ylz|] forall zeX, (6.2.6)
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with v > 2. Observe that W > 1 and Assumptions 2.1.1 and 3.2.1 hold.
Moreover, we can see that ¢> € By (X). Note that w := +/W is continuous
on K and that it is a moment function on K as in Assumption 5.2.1-(d).
Moreover, let § > 0 be such that

7§ < log(v/2+1)
which implies
2
A= ;(exp['yé] -1) <1 (6.2.7)

Throughout the rest of this chapter, we suppose the following Assump-
tions taken from [19, Section 5]:

Assumption 6.2.1 0 < k; < 1/2.

Assumption 6.2.2 The i.i.d. disturbances z; have a common density g,

which is a continuous bounded function supported on the interval S := |3, §|.
Moreover, there exists a positive number € such that g(s) > € for all s € S.

Let Sp := [0, §], and let T be the Lebesgue measure on X = R. We define
[(z,a) = 1g,(x) V(z,a) € K, and v(B) :=eY(BNSy) VB € B(X). (6.2.8)
Then, from [19, Propositions 23 and 24| we have the following.

Proposition 6.2.3 Under the Assumptions 6.2.1 and 6.2.2, the LQ system
(6.2.1)-(6.2.5) satisfies the Assumptions 2.1.2, 2.4.2 and 5.2.1.

Remark 6.2.4 Assumptions 2.1.2 and 2.4.2 are used in [19] to get condi-
tions for bias optimality and strong 0-discount optimality to be equivalent.

Proposition 6.2.5 Suppose that Assumptions 6.2.1 and 6.2.2 hold. Then
the L@ system (6.2.1)-(6.2.5) has a constrained optimal policy which is also a

pathwise constrained optimal policy. Moreover, for each A < 0 let (p(A), hy) €
R x Bw(X) be a solution to the AROE

ha(x) + p(A) = sup [r,\(a:,a,) +/ hA(y)Q(dy|x,a)], (6.2.9)
acA(x) X

with rp(x,a) == r1(A)z? +ry(A)a®+b, where r;(A) == AN-¢;—r; <0, i =1,2,
and b:= B — A - 6y, then the constrained optimal value V*(6y) satisfies

V*(0y) = I/{lgl%l p(A) (6.2.10)
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Proof. From Proposition 6.2.3, the assumptions in Theorems 5.3.1, 5.4.1
and 5.5.2 are satisfied. Hence, the stated result follows from these theorems.
]

Example 6.2.6 Now we analyse a particular case in which the reward-per-
stage function (6.2.4) and the cost-per-stage function (6.2.5) satisfy r; = ro
and ¢; = ¢y, respectively, and ky = 1 in (6.2.1). For this case, we will find the
optimal value and the optimal policy for the LQ model above, with expected
and pathwise constraints.
Note that
ri(A) =m(A) VA LO. (6.2.11)

On the other hand, in [19, Section 5], it is proved, under the Assumptions
6.2.1 and 6.2.2, that p(A) in the AROE (6.2.9) has the form

p(A) = b — vyo?, (6.2.12)

with ¢ as in (6.2.3), and vy is the unique positive solution to the quadratic
(so-called Riccati) equation

k3vg + [kari(A) + kira(A) — ro(A)]vg — ri(A)ra(A) = 0. (6.2.13)
Note that vy dependes on A. Moreover, if we define
fa(@) = —for VzeX, with fo:= (k2o —ro(A)) Ykrkovo. (6.2.14)
and
ha(z) == —voz? (6.2.15)

then, by a direct calculation we can show that (hy, fa, p(A)) is a canonical
triplet that satisfies the AROE (6.2.9).

Since m5(A) < 0, we have |fa(x)| < ki /ko|x|, and so, fa(x) € A(x) for all
x € X, that is, fj is in F.

By (6.2.11), the positive solution of (6.2.13) is

ki + ki +4

vo = —kri(A) with k= 5

(6.2.16)

Inserting this values in (6.2.12) and using the definition of the constant b, we
obtain the explicit form of p(A)

p(A) = B — (6%k) - 1 + [(0%k) - 1 — ] A (6.2.17)
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which is the equation of a straigth line with slope (02k) - ¢; — 6. Because
we need to choose 6 satisfying the relation (6.2.10), then we have to impose
the following assumption:

(0%k) - ¢ < bp. (6.2.18)

Under this condition, we have that

V(o) = minp(A)

A<0

= min (B — (6%k) - ry + [(6%k) - c1 — O] A
A<0

= B—(c%k)-r, = p(0). (6.2.19)

Thus, the minimun is attained in A = 0 and V*(6y) = p(0). Furthermore,
inserting A = 0 in (6.2.14) and (6.2.15), we obtain

kky

folx) = —fox with ﬁ) = T

(6.2.20)

for all z € X, and
ho(x) = —kri2® Vo € X. (6.2.21)

Since (ho, fo, V*(6o)) is a canonical triplet, then the following average reward
optimality equation is satisfied:

V*(00) + hol) = SUP)WGH | mneas. o]

acA(z

= @)+ /X W) Qp(dylz) Vo€ X,
(6.2.22)

which is the equation (5.3.2) in Theorem 5.3.1. Moreover, we assert that
the deterministic policy fp defined in (6.2.20) is an optimal policy for the
constrained LQ system. To do this, we present the following result which is
a slight variation of Lemma 6.5 in [13].

Lemma 6.2.7 Let f € F be a deterministic policy given by f(x) := —fx for
all x € X, and let ko= ki — k2f where ki, ky are the coefficients in (6.2.1).
Here f is a constant. Suppose that \k| < 1. Then, for all z € X

n—1

J(f,z) = hrrimf lEf er ap) = B — (r +rof2)0%/(1 - k), (6.2.23)
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and
1 n—1 N
Ji(f,x) = limsup nEfZCf zp) = (c1 + e f2)o? /(1 — K2). (6.2.24)

with r and ¢ as defined in (6.2.4) and (6.2.5), respectively.
Proof. Replacing a; in (6.2.1) with a; := f(z;) = — fx,, we obtain
Ty = (k‘l — kQJ/C\)-Tt—l + 21 = /k\.ilﬁt_l + 211 Vt=1,2

By an induction procedure, for all t = 1,2, -,

Rt Y B,
j=0
From this relation, we obtain
El(af) = I + (*(1 = F))/(1 - k%),
This yields that

lim sup — ZEf z?) —hmlnf—ZEf z?) 2/(1—/1{\:2). (6.2.25)

n—oo n—oo T
Since a = f(x) = — fx, we obtain

ri(z) =B —(rn+ TQP):cz and cf(z) = (¢ + cgﬁ)xz (6.2.26)
for all z € X. Finally, inserting (6.2.25) in (6.2.26) we obtain (6.2.23) and
(6.2.24).

If fp is as in (6.2.20), and recalhng that rL=T2 and ¢; = ¢9, ko = 1, we
have that [k| = k1 /(1+k) < 1, with k := k; — fo and k as in (6.2.16). Hence,
by Lemma 6.2.7, a direct Calculatlon yields that, for all z € X,

J(fo,l') =B - (Uzk)T1 and Jl(f0> ) ( 2/41)
Finally, from (6.2.18) and (6.2.19), we have
J(fg,x) = V*(Qo) and Jl(fQ,ZE) < 90,

that is, fy is a constrained optimal policy, which is also pathwise constrained
optimal for the LQ system (6.2.1)-(6.2.5).



CHAPTER 6. EXAMPLES 78

8.9223

8.9222

Figure 6.1: Graph of p(A) as a function on A < 0.

We will illustrate our LQ system (6.2.1)-(6.2.5) with the following nu-
merical special case. Suppose that the reward-per-stage function (6.2.4)
and the cost-per-stage function (6.2.5) satisfy r = 1,7, = 2, B = 10, and
¢1 = ¢y = 1, respectively. Moreover, assume that ky = 1/3, ks = 1 in (6.2.1)
and 6 := 191/180.

In this particular case, solving the Riccati equation (6.2.13), and inserting
the corresponding value in (6.2.12), we obtain

p(A) = (187 — 18.1A — /325A2 — 958A + 697) /18 YA<0. (6.2.27)

As can be seen from the graph of p(A) for A < 0, the function p(A) has a
minimum (see Fig. 6.1). By elementary calculus, we get that p(A) has a
unique minimun in

Asin = —0.38767819 - - -,

with minimun value
p(Apin) = 8.921767464 - - -

From Proposition 6.2.5, p(A,,,) is the optimal value for the constrained
problem, that is

V*(0o) = p(Amin) = 8.921767464 - - -, with 6 = 191/180.

In addition
vo = vo(Apin) = 1.48960217 - - - .

By (6.2.14) and (6.2.15), we have that

fap (@) = —for Yz eR, with fy=0.12806246- - .
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and
h(z) = hy,,, (2) = —voz”.

By a straigthforward calculation, we can check that (V*(6p), fa,...,h) is a
canonical triplet that satisfies the AROE (5.3.1) in Theorem 5.3.1. More-
over, we assert that fy,, is a constrained optimal policy, and therefore by
Proposition 6.2.5, it is also a pathwise constrained optimal policy. Indeed,
by Lemma 6.2.7, we have

I (fapins ) = 8.9217674 - - -,

which coincides with the optimal value V*(6), with 6y = 191/180. Finally,
by a similar calculation, we obtain

Ji(fa.. @) =1.061111--- = 191/180.

Hence
J(fAmiTn:E) = V*(QO) and Jl(f/\mmv ZL’) = ‘907

and so the constrained problem is solved.

6.3 An inventory system

The inventory-production system in this section has been studied by Vega-
Amaya [28, 29] and by Herndndez-Lerma and Vega-Amaya in [17].

We consider an inventory-production system in which the stock level z;
evolves in X := [0, 00) according to the equation

Ty = max(xy + ap — 2,0), t=0,1,---, (6.3.1)

for some given initial stock level xy. Here a; is the amount of product ordered
(and immediately supplied) at the beginning of each period ¢, whereas z;
denotes the product’s demand during that period. The production variables
a; are supposed to take values in the interval A := [0, €], for some given
constant €2 > 0 irrespective of the stock level, that is,

Az)=A VreX. (6.3.2)

Additionally, we suppose that the demand process {z;} satisfies Assumption
6.1.1 with Z := [0,00), and that the demand distribution G satisfies the
following assumption:
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Assumption 6.3.1 (a) G has a continuous bounded density g;

(b) G has a finite mean value z, i.e., z := E(z) = [;° 2G(dz) < oo, where
E denotes the expectation with respect to G.

(c) @<z

To complete our control model, we introduce a reward-per-stage function
r that represents a net reward of the form

sales revenue—(production cost+maintenance cost)

given by

r(z,a) :=s- Emin(x +a,z) —[p-a+m-(x+a)] V(r,a) €K, (6.3.3)

where p, m and s are positive constants. The unit production p and the unit
maintenance cost m do not exceed the unit sale price, i.e.,

p,m < s, (6.3.4)
and the cost-per-stage function ¢ of the form
production cost+maintenance cost
given by

c(x,a):=p-a+m-(xr+a) V(r,a) €K (6.3.5)
We can verify that

Emin(z +a,z) = (x +a)[l — G(z+a)] + /Oﬁa 2G(dz). (6.3.6)

Thus, the functions r and ¢ in (6.3.3) and (6.3.5) are continuous on K =
X x A.

On the other hand, consider the moment generating function W of the
random variable Q0 — 2z, ¥(r) := Eexp[r(Q2 — z)], for r > 0. Note that
U(0) = 1 and by Assumption 6.3.1(c), ¥'(0) = E(Q — z) = Q@ —z < 0.
Hence, there is a positive number 7 such that

A= U(F) < 1. (6.3.7)
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We define the weigth function
W(x) == exp[F(z + 22)], VzeX. (6.3.8)

Then W > 1 and by a straigthforward calculation using Assumption 6.3.1(c),
(6.3.4) and (6.3.6), we can see that there exist constants K and w such that

|r(z,a)| < KW(x) and |e(z,a)] <wW(z) VY(z,a)€ K.
Moreover, we can check that r% ¢? belong to By (X). Hence, Assumptions
2.1.1 and 3.2.1 are satisfied.

We shall now proceed to verify the Assumptions 2.1.2, 2.4.2 and 5.2.1.
To do this, note that from (6.3.1) and (6.1.3) we obtain

d(r,q) = /X u(y)Q(dylz, a)
= w(0)[1 — G(z +a)] + /0 au(a: +a—z)g(2)dz

= u(0)[1 — Gz +a)] + /033 au(z)g(m +a—z2)dz.

(6.3.9)
for every bounded measurable function v on X.
We also define for every (z,a) € K and B € B(X)
l(z,a):=1—G(x+a) , and v(B):=d(B), (6.3.10)

with dg the Dirac measure at x = 0.

Proposition 6.3.2 With the notation above and under Assumption 6.3.1,
we have that the inventory-production system (6.53.1)-(6.3.5) satisfies As-
sumptions 2.1.2, 2.4.2 and 5.2.1.

Proof. By Assumption 6.3.1, (6.3.2), (6.3.3), (6.3.5), (6.3.6), (6.3.8) and
(6.3.10), then Assumptions 2.1.2(a), 2.4.2(a), 2.4.2(b), 2.4.2(e), and 5.2.1(b)-
(e) obviously hold.

From (6.3.9) and (6.3.10), it follows that

Q(B|z,a) > 0o(B)l(z,a) VB € B(X),(x,a) € K,
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that is, Assumption 2.1.2(b) holds.
From (6.3.9) again, with u = W,

/XW(y)Q(dy]a:, a) = WO)[1-Gx+a)]+ /Ox ' W(z+a—2)g(2)dz
= v(W)l(z,a) + W(x) /093 ' exp[r(a — 2)]G(dz),
(6.3.11)

so that, since 7(a — z) < 7(Q2 — x) for all a € A and by (6.3.7), we get
/ W(y)Q(dy|x,a) < v(W)l(z,a) + AW (z) V(z,a) € K.
X

This gives Assumption 2.1.2(c).
To prove Assumption 2.1.2(d), with {(z,a) and v as defined in (6.3.10),
note that for each ¢ € o,

lo(x) >1—-G(z+ Q).
Here, integrating both sides with respect to v = dy:
v(ly,) >1—-G(Q) Ve b, (6.3.12)

We only need to show that G(2) < 1. If G(2) = 1 we obtain

z = /000 2G(dz)
= /OQ 2G(dz) + /QOO 2G(dz)
< QGQ) =0

which contradicts Assumption 6.3.1(c).
Finally, Assumptions 2.4.2(c) and 5.2.1(a) follow from (6.3.9), and As-
sumption 2.4.2(d) follows from (6.3.11). m

Proposition 6.3.3 Suppose that Assumption 6.5.1 holds. Then the inventory-
production system (6.3.1)-(6.3.5) has a constrained optimal policy which is
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also a pathwise constrained optimal policy. Moreover, for each A < 0 let
(p(A), hp) € R x By(X) be a solution to the AROE

() +p(A) = sup [ra(e.a) + / I W)Q(dyl.a)]. (6.3.13)
acA(x) X

with ry(z,a) :=r(x,a)+ (c(x,a) —b0y) - A, then the constrained optimal value
V*(6y) satisfies

V*(0y) = min p(A) (6.3.14)
Proof. From Proposition 6.3.2, the assumptions in Theorems 5.3.1, 5.4.1
and 5.5.2 are satisfied. Hence, the stated result follows from these theorems.
]



Chapter 7

Conclusions and open problems

In this thesis we study average reward discrete-time Markov control processes
on Borel spaces. Our main results include:

(a) explicit expressions for the invariant measure, the solution of the P.E.
and the solution of the AROE,

(b) existence of pathwise average optimal policies, with minimum variance
and an asymptotic normality behavior

(c) existence of constrained optimal policies,

(d) existence of constrained pathwise average optimal policies.

To analyze our problems we proceed in three steps:

In the first one, we give explicit expressions for the invariant measures,
also for the functions b, that solve the P.E.; and the functions h* that solve
the AROE. This fact will be particularly useful to prove boundedness condi-
tions, necessary for a nice asymptotic behavior (law of large numbers, asymp-
totic normality) and to prove compactness conditions.

In the second step we prove, under our assumptions, the existence of un-
constrained sample-path optimal policies (part (b) above). The main result
here is Theorem 3.3.2, which together with Theorem 2.4.3 gives the existence
of deterministic stationary sample-path average optimal policies. To this end
we applied the law of large numbers for martingales, also known as the mar-
tingale stability theorem. Furthermore, we solve a variance-minimization
problem. So, we prove the existence among the canonical policies for which

84
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the optimization problem is solved, of those policies with minimal variance.
We also show that these canonical policies with minimal variance imply
asymptotic normality behavior.

In the third and final step we study part (¢) and (d), and we extend the
results in the former steps for constrained MCPs. Thus, the unconstrained
AROEs in Theorem 2.4.3 is extended to the constrained case in Theorem
5.3.1, which in particular gives us the existence of optimal policies to our
problem with expected constraints. Moreover, Theorem 5.4.1 shows that
the expected CP can be solved by means of a parametric family of AROEs,
which do not depend on unknown parameters. Finally, in Theorem 5.5.2,
we extend these results to MCPs with pathwise constraints. In particular,
we prove that the constrained optimal policies are also pathwise constrained
optimal policies.

There are several standard techniques to analyze discrete-time constrained
control problems. For example the so-called direct method where the idea is to
transform the constrained problem into an equivalent optimization problem
in a suitable space of measures, and then one uses the well-known fact that
an upper semicontinuous (u.s.c.) function on a compact topological space
attains its maximun value. For example, the proof of Theorem 5.3.1 uses in
part the direct method in combination with other techniques such as con-
ver analysis, Lagrange multipliers and dynamic programming. On the other
hand, to analyse the pathwise constrained problem, we use the strong law of
large number for Markov chains and also the martingale stability theorem.

As future work for CMCPs with expected and pathwise constraints, we
consider several questions. The first one, is a variance minimization problem,
that is, we would like to prove the existence, within the class of stationary
optimal policies for the pathwise CP, of one with minimal limiting average
variance. The second question is to find approximation schemes where the
optimum value as well as the optimal policy can be approximated for the
problem with pathwise constraints.
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